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PREFACE. 



The following volume is a sequel to my treatise on the 
Differential Calculus, and, like tliat, is written as a text-book. 
The last ehapter, however, a Key to the Solution of Differential 
Equations, may prove of Service to working mathematicians. 

I have used freely the works of Bertrand, Benjamin Peiree, 
Todhunter, and Boole ; and I am much indebted to Professor 
J. M. Peiree for criticisms and suggestions. 

I refer eonstantly to m}- work on the Differential Calculus 
as Volume 1. ; and for the sake of convenience I have added 

I 

r j Chapter V. of that book, which treats of Integration, as an 

appendix to the present volume. 

W. E. BYEßLY. 

Cambridge, 1881. 
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CHAPTER I. 

SYMBOLS OF OPERATION. 

1. It is often convenient to regard a functional symbol as 
indicating an Operation to he performed upon the eocpression 
which is written öfter the symboL From this point of view the 
Symbol is called a symbol of Operation^ and the expression writ- 
ten aller the sjTnbol is called the subject of the Operation. 

Thus the symbol D^ in D„(x^y) indicates that the Operation of 
differentiating with respect to o? is to be performed upon the 
subject (ar^y). 

2. If the result of one Operation is taken as the subject of a 
V second, there is forraed what is called a Compound function. 

Thus log sin 03 is a Compound function^ and we ma}'^ speak of 
the taking of the log sin as a Compound Operation, 

3. When two Operations are so related that the Compound 
Operation, in which the result of performing the jßrst on any 
subject is taken as the subject of the second, leads to the same 
result as the Compound Operation, in which the result of per- 
forming the second on the same subject is taken as the subject 
of the first, the two Operations are commutative or relatively free. 

Or to formulate ; if 

fFu = F/u, 

the Operations indicated b}^ / and F are commutative. 
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For example ; the Operations of partial differentiation with 

respect to two independent variables x and y are commutative, 

for we know that 

D,D,u = D^D^u. (I. Art. 197) . 

The Operations of taking the sine and of taking the logarithm 
are not commutative, for log sin u is not equal to sin log u. 

4. If f(u±v)=fu±fv 

where u and v are any subjects, the Operation / is distributive or 
linear, 

The Operation indicated b}^ d and the Operation indicated by 
D, are distributive, for we know that 

d(u ±v) = du±dv^ 

and that A(w ±v) = D^u± D,v. 

The Operation sin is not distributive, for sin(w + 'y) is not 
equal to sinw + sinv. 

5. The Compounds of distributive Operations are distributive. 
Let / and F indicate distributive Operations, then fF will be 

distributive ; for 

F{u ± v) = Fu ± Fv, 
therefore fF{u ±v)= f{Fu ± Fv) = fFu ± fFv. 

6. The repetition of any Operation is indicated by writing an 
exponent^ equal to the number of times the Operation is per- 
formed, after the S3^mbol of the Operation. 

Thus log^a; means log log log a; ; d^u means dddu. 

In the Single case of the trigonometric functions a difFerent 

use of the exponent is sanctioned by custom, and sin^w means 

(sinu)* and not sin sinw. 

7. If m and n are whole number s it is easily proved that 
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This fomiula is assumed for all values of m and n, and nega- 
tive and fractional eocponents are interpreted hy its aid. It is 
called the law of indices. 

8. To find what Interpretation must be given to a zero ex- 

m = in the formula of Art. 7. 

or, denoting/*u by v, f^v = v. 

That is ; a symbol of Operation with the exponent zero has no 
effect on the svbject^ and may be regarded as multiplying it b}'^ 
unity. 

9. To interpret a negative exponent, let 

m^ —n in the formula of Art. 7. 

If we call f^u = V, then f~'^v = u. 

If w=l 

weget f-^fu = u^ 

and the exponent —1 indicates what we have called the anti- 
function of fu, (I. Art. 72.) 

The exponent — 1 is used in this sense even with trigonometric 
functions. 

10. When two Operations are commutative and distributive, 
the Symbols which represent them may be cömbined precisely as 
if they were algebraic quantities. 

For they obey the laws, 

a(m -H w) = am + an^ 

am = ma, 

on which all the Operations of arithmetic and algebra are founded. 
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For example ; if the Operation {D^ + D,) is to be performed 
n times in succession on a subject w, we can expand (Z>, + Z)^)" 
precisely as if it were a binominal, and then perform on u the 
Operations indicated by the expanded expression. 
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CHAPTER II. 

IMAGINABIES. 

11. An imaginary is usually defined in algebra as the indi- 
cated even root of a negative quantity, and although it is clear 
that there can be no quantity that raised to an even power will 
be negative, the assumption is made that an imaginary can be 
treated like an}'^ algebraic (Juantity. 

Imaginaries are first forced upon our notiee in eonnection 

with the subject of quadratic equations. Considering the t3"pical 

quadratic « , . ,. ^ 

^ aj'^ + aay-f 6 = 0, 

we find that it has two roots, and that these roots possess cer- 
tain important properties. For example ; their sum is — a and 
their product is h, We are led to the conclusion that every 
quadratic has two roots whose sum and whose product are 
simply related to the coefficients of the equation. 
' On trial, however, we find that there are quadratics having 
but one root, and quadratics having no root. 
For example ; if we solve the equation 

a^_2a;-f 1 = 0, 

we find that the only value of x which will satisfy it is unity; 
and if we attempt to solve 

we find that there is no value of x which will satisfy the equation. 

As these results are apparentl}»^ inconsistent with the conclu- 
sion to which we were led on solving the general equation, we 
naturally endeavor to reconcile them with it. 

The difläculty in the case of the equation which has but one 



6 INTEGRAL CALCULUS. [Art. 12. 

root is easily overcome by regarding it as having two equal roots. 
Thus we can say that each of the two roots of the equation 

is equal to 1 ; and there is a decided advantage in looking at the 
question from this point of view, for the roots of this equation 
will possess the same properties as those of a quadratie having 
unequal roots. The sum of the roots 1 and 1 is minus the co- 
efficient of x in the equation, and their product is the constant 
terra. 

To overcome the difficulty presented by the equation whieh 
has no root we are driven to the conception of imaginaries. 

12. An imaginary is not a quantüy^ and the treatment of 
imaginaries is purely arbitrary and conventional, We begin by 
laj'ing down a few arbitraiy rules for our imaginary expressions 
to obey, which must not involve any eontradiction ; and we 
must perform all our Operations upon imaginaries, and must 
Interpret all our results by the aid of these rules. 

Since imaginaries occur as roots of equations, they bear a close 
analogy with ordinary algebraic quantities, and the}" have to be 
subjeeted to the same Operations as ordinary quantities ; there- 
fore our rules ought to be so chosen that the results may be 
comparable with the results obtained when we are dealing with 
real quantities. 

13. By adopting the Convention that 

V— a^ = a V — 1, 

where a is supposed to be real^ we can reduce all our imaginary 
algebraic expressions to forms where V — 1 is the only peculiar 
s^^mbol. This symbol V — 1 we shall define and use as the Sym- 
bol ofsome Operation,, at present unknorvn^ the repetition of which 
has the effect of changing the sign of the subject of the Operation. 
Thus in a V — 1 the s^^mbol V-— 1 indicates that an Operation 
is performed upon a which, if repeated, will change the sign 

of a. That is, 

a(V^)'=-a. 
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From this point of view it would be more natural to write the 
Symbol before instead of after the subject on which it operates, 
(V--l)a instead of aV — 1, and this is sometimes done; bat 
as the usage of mathematicians is overwhelmingly in favor of the 
second form, we shall employ it, merely as a matter of con- 
venience, and remembering that a is the subject and the V— 1 
the Symbol of Operation, 

14. The rules in accordance with which we shall use our new 
s^'mbol are, first, 

aV^ + b-sT^ = {a-hb) V^. [1] 

In other words, the Operation indicated by V — 1 is to be dis- 
tributive (Art. 4) ; and second, 

aV^=(V'^)a, [2] 

or our Symbol is to be commutcUive with the Symbols of quantity 
(Art. 3). 

These two Conventions will enable us to use our symbol in 
algebraic Operations precisely as if it were a quantity (Art. 10). 

When no coefficient is written before V — 1 the coefficient 1 
will be understood, or unity will be regarded as the subject of 
the Operation. 

15. Let US see what Interpretation we can get for powers of 



V — 1 ; that is, for repetitions of the Operation indicated by the 
Symbol. 

(VZl)o=i (Art. 8), 

(V"iri)*=V^rT, 

(V^ri)2= _i, by definition (Art. 13), 

(V^)8= (V^i:i)8V'iri= -Vin:, by definition, 

(V^ri)4=_.(vzn)^ =1, 
(\rri)«=iV3i =V^, 

(V3i)6==(VTri)2 =_i^ 

and so on, the values V — 1, —1, — V— 1, 1, occurring in 



8 IKTEGRAL CALCULUS. [Art. 16. 

cycles of four. We can fonnulate this as follows ; let n be zero 
or an}'^ positive whole number, then, 

(V="l)*« =1, 

(vCri)4« + 8^_^/^ri. 

16. The definition we have given for the Square root of a 

negative quantity, and the rules we have adopted coneerning its 

use, enable us to remove enttrely the difläcult}' feit in dealing 

with a quadratic which does not have real roots. Take the 

equation 

aj2-.2aj-f 5 = 0. (1) 

Solving by the usual method, we get 

x=l ± V — 4; 

V^^ = 2 V^=n, by Art. 13 [1] ; 

hence a?=l + 2V^ or 1 — 2V^. 

On substituting these results in turn in the equation (1), per- 
forming the Operations by the aid of our Conventions (Art. 14 
[1] and [2]), and interpreting (V — 1)® by Art. 15, we find that 
they both satisfy the equation, and that they can therefore be 
regarded as entirely analogous to real roots. We find, too, that 
their sum is 2 and that their product is 5, and consequently that 
they bear the same relations to the coefläcients of the equation as 
real roots. 

17. An imaginary root of a quadratic can alwa3^s be reduced 
to the form a-^b V — 1 where a and h are real, and this is taken 
as the general type of an imaginary ; and part of our work will 
be to show that when we subject imaginaries to the ordinary 
functional Operations, all our results are reducible to this typical 
form. 
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18. We have defined V — 1 as the Symbol of an Operation 
whose repetition changes the sign of the subject. 

Several different interpretations of this Operation have been 
suggested, and the following one, in which.every imaginary is 
graphically represented b}^ the position of a point in a plane, is 
commonly adopted, and is found exceedingly useful in suggest- 
ing and interpreting relations between different imaginaries and 
between imaginaries and reals. 

In the Ocdculus of Imaginaries, a-\-b V — 1 is taken as the 
general Symbol of quantity. If b is equal to zero, a + b V — 1 
reduces to a, and is real ; if a is equal to zero, a + ö V — 1 re- 
duces to b V — 1 , and is ealled a pure imaginary, 

a -f ö V — 1 is represented by the position of a point referred 
to a pair of rectangular axes, as in analytic geometry, a being 
taken as the abscissa of the ^ 

point and & as its Ordinate. 
Thus in the figure the position 
of the point P represents the 
imaginary a + b V — 1 . 

If 6 = 

and our quantitj^ is real, P will 

lie on the axis of X, which on 

that account is ealled the axis of 

reals; if 

a = 0, 

and we have a pure imaginary, P will lie on the axis of Y, 
which is ealled the axis of pure imaginaries, 

Since a and a V — 1 are represented by points equall}'' distant 
from the origin, and lying on the axis of reals and the axis of 
pure imaginaries respectively, we may regard the Operation 
indicated by V— 1 as causing the point representing the subject 
of the Operation to rotate about the origin through an angle of 
90®. A repetition of the Operation ought to cause the point to 
rotate 90® further, and it does ; for 



O 



a 



a(V-l)2=-a, 
and is represented by a point at the same distance from the 
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origin as a, and lying on the opposite aide of the origin ; again 
repeat the Operation, 

and the polnt has rotated 90^ further ; repeat again, 

and the point has rotated through 360®. We see, then, that if 
the subject is a real or a pure imaginary the efFect of performing 
on it the Operation indieated by V — 1 is to rotate it aboiit the 
origin through the angle 90°. We shall see later that even when 
the subject is neither a real nor a pure imaginär}', the efFect of 
operating on it with V — 1 is still to produce the rotation just 
described. 

19. The swm, the producta and the quotient of any two imagi- 
naries, a + h^l —X and c + d V — 1, are imaginaries of the t3'pi- 
cal form. 

a + h^'^-\-C'{-d'^J^^ =a + c + (6-hd)V^. [1] 

(a + 6V^) (c + dV^)=ac--ö(Z+(6c-had[)V^. [2] 

c+dV^"" (c-hd\rri) (c-dV^)"" <^ + ^ 

__ ac-^-hd bc^-ad , 

- c^ + d^^-^rp^ V-1. [3] 

All these resnlts are of the form A +BV— 1. 



20. The graphical representation we have suggested for 
imaginaries suggests a second typical form for an imaginar3\ 
Given the imaginary a;-f-yV — 1, let the polar coördinates of 
the point P which represents aj + yV — 1 ber and </>. 

r is ealled the moduLus and <^ the argument of the imaginary. 
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The figiire eiiables us to establish very 
simple relations between x^ 3/, r, and ^. 




x = 

y 



= rsin0; ) 



[2] 



<^=tan-^|.j 

» + yV— ls=rcos0+ (V--l)r8m^ 

= r(eos0+V— l.sin^), . [3] 

where the imaginary is expressed in terms of its modulus and 
argument. 

The value of r given by our formulas [2] is ambiguous in 
sign ; and ^ may have any one of an infinite number of values 
differing by multiples of ir. In practice we always take the 
positive value of r, and a value of </> whieh will bring the point 
in question into the right quadrant. In the ease of any given 
imaginary then, r can have but one value, while <f> may have 
any one of an infinite number of values diflfering by 2 tt. 

EXAMPLES. 

(1) Find the modulus and argument of 1 ; of V — 1 ; of — 4 ; 
of — 2V^ ; of 3+3 V^ ; of 2+4 V^T ; and express eaeh of 
these quantities in the form r(cos</> + V— 1. sin0). 

(2) Show that every positive real has the argument zero; 
every negative real the argument v ; every positive pure imagi- 



TT 



nary the argument - ; and every negative pure imaginary the 
argument -^. 

21. If we add two imaginaries, the modulus of the aum is 
never greater than the sunt of the moduli of the given imagi- 
naries. 
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Tbesumof a+ftV^ and c+dV — 1 is a + c-f (ö-f d)V — 1. 
The modulus of this sum is V(a + c)^4-(6 4-Gf)^ ; the sum of 
the moduli of a+öV— 1 and c +dV--l is V a^ + ö^+Vc^ + d^ 
We wish to show that 

the sign -< meaning " egwaZ ^o or less than" 

Now V(a + c)«rf (ö + ci)^ -< Vö?irF+ V"?T^, 

if (a + c)2-f (ö-f d)2 -< a2 + Ö2 + 2V(a2 + 52) (0-2 + (i2)+c2 -f d*, 

that is, if oc + öd -< Va^c^-f a^d^ + öV + ^^ci* ; 
or, squaring, if 

or, if -< (ad--6c)2. 

This last result is necessarily true, as no real can have a 
Square less than zero ; hence our proposition is established. 

22. The modulus of the product of two imaginaries is the 
product of the moduli of the given imaginaries^ and the argiiment 
of the product is the sum of the arguments of the imaginaries. 

Let US multiply 

Vi (cos <^i -f V — 1 . sin <^i) by r2(cos ^ + V — 1 . sin <t>2) ; 
we get 
Vi r2[cos ^1 cos ^2— sin <^i sin ^2+ V — l(sin ^1 cos ^2+ cos ^1 sin c/^j)], 

cos </>i cos <t>2 — sin <^i sin </>2 = cos (</>i + ^2) ? 

sin <^i cos <^2 + cos <^i sin <f>2 = sin {<f>i + <f>2) 
by Trigonometry ; hence 

ri (cos <^i + V — 1 . sin <^i) rj (cos <^i -f V — 1. sin ^2) 
= rir2[cos(<^i -f <^2) + V— 1. sin(<^i + <^2)]> 
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and our result is in the typical form, rir2 being the modultls and 
i>i + <l>2 the argument of the product. 

If each factor has the modulus unity, this theorem enables us 
to construct ver}' easil}' the product of the imagiuaries ; it also 
enables us to show that the Interpretation of the Operation V — 1 , 
suggested in Art. 18, is perfectly general. 

Let US operate on any imaginary subject, 

r(cos<^ -f V — 1. sin^), with V— 1, 

that is, with 1 f cos- + V— 1. sin- |. 

\ 2 2J 

The modulus r will be unchanged, the argument </> will be in- 



TT 



creased by -, and the effect will be to cause the point repre- 

senting the given imaginary to rotate about the origin through 
an angle of 90°. 

23. Since division is the inverse of multiplication, 

ri(cos<^i + V — 1. 8in<^i) -^ r2(cos<^2 + V— 1. sin<^) 
will be equal to 

- [cos (<^i - ^2) + V -1. sin(<^i - </>2)], 

'2 

since if we multipl^^ this by rgCcos <^2 + V— 1 . sin <^^ , according 
to the method established in Art. 22, we must get 

Ti (cos <^i -f V— 1 . sin <^i) . 

To divide one imaginary by another^ we kave then to take the 
quotient obtained by divlding the modulus of the first by the 
modulus of the second as our required modulus^ and the argu- 
ment of the first minus the argument of the second as our new 
argument, 

24. If we are dealing with the product of n equal factors, or, 
in other words, if we are raising ?'(cos<^ + V— l.sin<j!>) to the 



14 INTEGBAL CALCULUS. [AuT. 26. 

nth pbwer, n being a positive whple number, we shall have, by 
Art. 22, 

[r(co8<^ + V—1. sin <^)]" = r"(cosn<^ + V — 1. sinn 0). [1] 

If r is Unit}', we have merely to multiply the argument by n, 
without changing the modulus ; so that in this case increasing 
the exponent by unit}' amounts to rotating the point represent- 
ing the imaginary through an angle equal to <f> without changing 
its distance from the origin. 

25. Since extracting a root is the inverse of raising to a 
power, 

V [r (cos <^ + V^. sin <(!>)] = -77(008- + V^. sin-] ; [1] 

for, by Art. 24, 

^/cos*+V^.sin*j r=r(cos<^ + V^.sin0). 

EXAMPLE. 

Show that Art. 24 [1] holds even when n is negative or 
fractional. 

26. As the modulus of every quantity^ positive, negative, 
real, or imaginär}', is positive^ it is alwa3*s possible to jßnd the 
modulus of any required root ; and as this modulus must be real 
and positive, it can never^ in an}' given example, have inore than 
one value, We know from algebra, however, that every equa- 
tion of the nth degree containing one unknown has n roots, and 
that consequently ever}' number must have n nth roots. Our 
formula, Art. 25 [1], appears to give us but one nth root for 
any given quantity. It must then be incomplete. 

We have seen (Art. 20) that while the modulus of a given 
imaginary has but one value, its argument is indeterminate and 
may have any one of an infinite number of values whicli differ by 
multiples of 27r. If <^ is one of these values, the füll form of 
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the imaginaiy is not r(cos <^ + V— 1. sin«^) , as we have hitherto 
written it, but is 

r[cos(<^ + 2m7r) +V— l.sin(<^-f-2m7r)], 

where m is zero or any whole number positive or negative. 
Since angles differing by multiples of 2 tt have the same trigo- 
nomctric functions, it is easily seen that the introdiiction of the 
term 2mw into the argument of an imaginar}"^ will not modify 
any of our results except that of Art. 25, which becomes 

Vr [cos (<^o + 2 rmr) + V —T» sin (<^o + 2 mw) ] 

= r{cos($+m^^)+V3i.si„($+.!i)]. [11 

Giving m the values 0, 1, 2, 3 , n — 1, n, n + 1, success- 

ively, we get 

— , , u^ — , 1- ^ — ...... — -r n — 1 — , 

n n n n n n n- n n 

*>+2^, tl + ^ + 2^, 
n n n 

as arguments of our ?ith root. 

Of these values the first n, that is, all except the last two, 
correspond to different points, and therefore to different roots ; 
the next to the last gives the same point as the first, and the 
last the same point as the seeond, and it is easil}' seen that if we 
go on increasing m we shall get no new points. The same thing 
is true of negative values of m. 

Hence we see that every quantity^ reo! or imaginary^ has n 

distinct nth roots^ all having the same modulus^ but with argu- 

2ir 
ments differing by multiples of 

27. Any positive real differs from unitj' only by its modulus, 
and any negative real differs from — 1 onl}^ by its modulus. All 
the ?ith roots of any number or of its negative may be obtained 
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[Art. 27. 



by multiplying the nth roots of 1 or of — 1 by the real positive 
wth roots of the number. 

Let US consider some of the roots of 1 and of — 1 ; for ex- 
ample, the cube roots of 1 and of — 1. The modulus of 1 
is 1, and its argument is 0. The modulus of eaeh of the cube 

roots of 1 is 1 , and their arguments are 0, -^, and — ; that is, 

0°, 120°, and 240°. The roots in question, then, are repre- 
sented by the points Pi, Pg? A? i^ the figure. Their values are 

l(eosO-f-V^. sinO), 
1 (cos 120° -f V^. sin 120°), 
and 1 (cos 240° -f V^. sin 240°) , 
or 1, -i + ^V^, _^_^V^. 

The modulus of — 1 is 1, and its 
argument is tt. The modulus of the 

cube roots of —1 is 1, and their arguments are -, --1 , 

3 3 3 

^ + ^, that is, 60°, 180°, 300°. The roots in question, then, 
3 3 

are represented by the points Pi, Pj, 

P3, in the figure. Their values are 

i + ^V^, -1, i-f v^. 

EXAMPLES. 

(1) What are the Square roots of 
1 and - 1 ? the 4tli roots ? the 5th 
roots ? the 6th roots ? 





(2) Find the cube roots of —8 ; the 5th roots of 32. 

(3) Show that an imaginary can have no real ?ith root ; that 
a positive real has two real nth roots if n is even, one if n is 
odd ; that a negative real has one real nth root if n is odd, none 
if n is even. 
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28. Imaginaries having equal moduli, and arguments differing 
only in sign, are called conjugate imaginanes, 

r(cos<^ + V— l.sin«^), and r[co8( — <^) -|- V — l.sin( — <^)], 
or r(cos <^ — V— 1. sin <^) are conjugate, 

They can be written x-{-y V— -1 and x — ysZ—l, and we see 
that the points corresponding to them have the same abscissa, 
and ordinales which are equal with opposite signs. 

EXAMPLES. 

(1) Prove that conjugate ima^naries have a real sum and a 
real product. 

(2) Prove, by considering in detail the Substitution of 
a -f- 6 V— 1 and a — 6 V^^ in tum for x in any algebraic poly- 
nomial in x with real coefficients, that if any algebraic equation 
with real coefficients has an imaginary root the conjugate of that 
root is also a root of the equation. 

(3) Prove that if in an}»^ fraction where the numerator and 
denominator are rational algebraic poh'nomials in .t, we Substi- 
tute a + b V—1 and a — b V—l in turn for », the results are 
conjugate. 

Transceiidental Functions of Imaginaries, 

29. We have adopted a definition of an imaginary and laid 
down rules to govern its use, that enable us to deal with it, in 
all expressions involving only algebraic Operations, precisely as 
if it were a quantity. If we are going furftier, and are to sub- 
ject it to transcendental Operations, we must carefuUy deüne 
each function that we are going to use, and establish the rules 
which the function must obey. 

The principal transcendental functions are e*, log», and sin«, 
and we wish to define and study these when x is replaced by an 
imaginary variable z. 

As our conception and treatment of imaginaries have been 
entirely algebraic, we naturally wish to define our transcendental 
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fuDctions by the aid of algebraic functions ; and since we know 
that the transcendental functions of a real variable can be ex- 
pressed in terms of algebraic functions only by the aid of infinite 
series, we are led to use such series in defining transcendental 
functions of an imaginary variable ; but we must first establish 
a proposition concerning the convergency of a series containing 
imaginary terms. 

30. If the modvli of the terms of a series containing imaginary 
terms form a convergent series, the given series is convergent. 

Let «0 + ^1 + ^2 + + ^n + be a series containing imagi- 
när}' terms. 

Let 
Uq = i?o(cos4>o-|- V — 1. sin4>o) , Wi=i?i(cos^i+V— 1. sin^i), &c., 

and suppose that the series i?o-f-i?i+-R2 + + ^n + is 

convergent ; then will the series Wo+ t^i+ w^-f- be convergent. 

The series i?o-f-^i + is a convergent series composed of 

positive terms ; if then we break up the series into parts in an}'^ 
way, each part will have a definite sum or will approach a defi- 
nite limit as the number of terms considered is increased in- 
definitely. 

The series Wt) + Wi + te2 + w„-f- can be broken up into 

the two series 

-BqCOS^o + i?iCos^i + i?2COS^2 -f + B^coa^^ -f (1) 

and 

V^(i?osin*o+-RiSin^i+Ä2sin*2+ +Ä„sin^^+ ). (2) 

(1) can be separated into two parts, the first made up only 
of positive terms, the second only of negative terms, and can 
therefore be regarded as the difference between two series, each 
consisting of positive terms. Each term in either series will be 

a term of the modulus series Rq + Ri-^ R2 + multiplied by 

a quantit}' less than one, and the sum of n terms of each series 
will therefore approach a definite limit, as n increases indefi- 
nitely. The series (1), then, which is the abscissa of the point 
representing the given imaginary series, has a finite sum. 
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In the same way it may be shown that the coefl3cient of V— 1 
in (2) has a finite sum, and this is the ordinate of the point 
representing the given series. The sum of n terms of the given 
series, then, approaches a deünite llmit as n is increased indefi- 
nitely, and the series is eonvergent. 



31. We have seen (I. Art. 133 [2]) that 



» 



/>• />•* /»«S /n' 

when X is real, and that this series is eonvergent for all values of «. 
Let US define e', where 2 = » -f- y V-^, by the series 

z i? 7? 7!^ 1-^-. 

^=^-^I + j!-^3T + 4! + C^^ 

This series is eonvergent, for if 2 = r (cos <j> + V^^ . sin <^) the 
series 

i+zi+il+ii+ii^ 

1 2! 3! 4! 

made up of the moduli of the terms of [2] is eonvergent by 
I. Art. 133, and therefore the value we have chosen for e* is a 
determinate finite one. 

Write X + y^—l for 2, and we get 

1 2! 3! "^ •• L J 

The terms of this series ean be expanded by the Binomial 
Theorem. Consider all the resulting terms containing any given 
power of Xy say x^ ; we have 

p^^+ 1 + 2! ^ 3! ^ "^ «! "•" •>' 

or, separating the real terms and the imaginary terms, 

— ri-i^-l-^--2^-l- ^ 
pr 2!^ 4! 6! ^ 

p\ ^^ 3! 5! 71^ ^' 
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or — (cosy-f- V^.siny), byl. Art. 134. 

p\ 

Giving p all values from 1 to oo we get 
e«+«'^=(cosy + V~l.siny)(l + | + ^ + |^ + |^ + ) 

= e" (cosy -f- V— 1 . siny) , [4] 

which, by the way, is in one of our typical imaginary forms. 
If » = 0, in [4], 

we get 6^^^^ = eosy-f V— l.siny, 

which siiggests a new way of writing our tj'pical imaginary; 

namely, _ 

r (cos <^ + V— 1 . sin <^) = re^^-^. 

32. We have seen that 

let US See if all imaginary powers of e obey the law of indices; 

that is, if the equation 

e-e» = €'•+• [1] 

is universally true. 

Let u = Xi-\-yi V— 1 and v = ajg + ^2 V^-l» 

then e**= e^i "•" Vi ^~^ = e^i (cosyi -f V^ . sinyi) , 
e' = e^r, + pt v^ __ e^t(co3y2 -f V— 1. sin 2/2) » 

e« e» = ear, e«;, [cos (2^1 + yg) + V^ • sin (yi + y^) ] 
= e^i+a^« [cos(yi -h 2^2) + V^. sin (2^1 + 2^2)] 

and the fundamental property of exponential functions holds for 
imaginaries os well os for reals, 

EXAMPLE. 

Prove that a'^a^'^a^'^^ when w and v are imaginary. 
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Logarithmic Functions. 

33. As a logarithm is the inverse of an exponential, we ought 
to be able to obtain the logarithm of an unaginar}'' from the 
fonnula for e*"*""'"'^^. We see readily that 

whenee logz = logr + <^ V — 1 ; 

or, more strictly, since 

2; = r[cos(<^o + 2«ir) + V— l.sin(<^-f-2nir)], 

Iog2; = logr+(<^o + 2n7r) V^ [1] 

where n is any integer. 

If « = » + y V^, r = Vaj^ + y*, and <^ = tan~^^ ; 

X 

whenee log« = ^log (a^ + f) + V^. tan"^^. [2] 

X 

Each of the expressions for log z is indeterminate, and repre- 
sents an infinite number of values, differing by multiples of 

27rV^. 

This indeterminateness in the logarithm might have been ex- 
pected a priori^ for 

e''^^^* = cos27r+V^.8in27r=l, byArt. 31. 

Hence, adding 2 ir V— 1 to the logarithm of any quantity will 
have the eflfect of multiplying the quantity by 1, and therefore 
will not change its value. 

EXAMPLE. 

Show that if an expression is imaginary, all its logarithms are 
imaginary ; if it is real and positive, one logarithm is real and 
the rest imaginary ; if it is real and negative, all are imaginary. 
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Trigonometrie Functions» 

34. Ifs^isreal, 

sin« = « — _ + ~ — ^ + m 

3! 5! 7! *- -■ 

* i^ ^ ^ 

cosÄsl — — + — — — + [2] 

byLArt.134. ^' 4! 6! 

If Ä = r(cos<^+ V— l.sin<^), 

the series of the moduli, 

7^ 1^ 7^ 

3r 5! 7! ' 

- , r* r* 7^ 
2! 41 6! 

are easily seen to be convergent ; therefore ifzia imaginary, the 
series [1] and [2] are convergent. We shall take them as defi- 
nitions of the sine and cosine of an imaginary. 

EXAMPLE. 

From the formulas of Art. 31, and from Art. 34 [1] and [2], 

show that 

6*^^"^ = 0082+ V— l.sin«, 

and e"'^-^ = cosä — V — 1. sin«, for all values of z. 

35. From the relations 

e'^'^^ = eos2J-f- V— l.sinÄ, 

weget cos2! = i- , [1] 

sin» = -^^ , [2] 

2V^1 
for all values of ;sr. 
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Let z:=x + y^f^. 



cos(aj+yV^) = 



^^^^-y I ß-xV^l + i 



_ (cosa?+V— l.sina;)e"'^+(cosa?— V--l.sma;)e^ 

2 

by Art. 34, Ex., 

=: cosx^^^t£l - V^. sina? ^^i:i^. [3] 

2 2 ^ -^ 

In the same way it may be shown that 

2V-1 

2 2 ^ -^ 

If » is real in [1] and [2] , we have 

cos» = ■ • 

2 ' 

sma; = V — 1. / 

lfz=sy V—T, and is a pure imaginary , 

eos2^V::rT = ?l±il', [5] 

siny V^ == ^^^=^ V^ ; [6] 

whence we see that the cosine of a pure imaginary is real, while 
its sine is imaginary. 
By the aid of [5] and [6], [3] and [4] can be written : 

cos(aj + y V— 1) =cosaJcosyV— 1 — sinajsiny V— 1, [7] 
sin(aj + y V—l) =sina?oosy V^ + cosajsinyV— 1. [8] 
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EXAMPLES. 

(1) From [1] and [2] show that sin'«-!- cos'ä = 1. 

(2) Provethat 

cos (u + v) = coswcosv — sinusinv, 

sin (u + v) = sint«cosv + cost^slnt;, 
where u and v are ünaginary. 

The relations to be proved in examples (1) and (2) are the 
fundamental formulas of Trigonometry, and they enable us to 
use trigonoraetric functions of imaginaries preeisely as we use 
trigonometric functions of reals. 

Differentiation of Functions of Imaginaries. 
86. A fünction of an imaginary variable, 

is, strictly speaking, a function of two independent variables, 
X and y ; for we can change z by changing either x or y, or both 
X and y, Its differential will usually contain dx and dy, and not 

necessarily dz ; and if we divide its differential by dz to get its 

dv 
derivative with respect to z, the result will generally contain -r^i 

OiX 

which will be whoUy indetenninate, since x and y are entirely 
independent in the expression x-^-ysZ—l. It may happen, 
however, in the case of some simple functions, that dz will appear 
as a factor in the differential of the function, which in that case 
will have a Single derivative. 

37. In differentiating, the V-^ may be treated like a con- 
stant; for the Operation of finding the differential of a function 
is an algebraic Operation, and in all algebraic Operations ^P^ 
obeys the same laws as any constant. 
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EXAMPLE. 

Prove that d(aj>V^) = 2» V^. dx ; 

and that d V^. smaj= V— 1. coso^.do; 

We have, by the aid of this principle, 
if 25=a; + yV^, 



dz = dx + V^.dy\ [1] 

if 2: = r(cos<^-f- V— 1. sm<^), 

«fo = dr(cos<^ + V— 1. sin<^) + rc^(— sm<^ -f-V— 1. cos^) 
= {dr + r V^. d4>) (cos<^ + V^. sin<^). [2] 

88. Let US now consider the difEerentiation of 2"*, e'y log«, 

sinÄ, and cos«. 

Let « = r(cos<^+ V—l.sin«^), 

then 
2"» = r**(cosm<^ -f- V—l. sinm<^) , by Art. 24 [1] ; 

cfo* = mr^'^ dr (cos m<^ -f- V — l. sin m<^) -h mr** d<^ ( — sin m <^ 
+ V— l.cosm<^), 

cfo* = mr**"^ [cos (m—l)<^ + V— 1.8in(m— 1)<^] (cos<^ 
+ V— l.sin<^)dr 

-j- mr** [cos (m—1) <^ + V— l.sin(m— 1)<^] (cos^ 
-f- V — l. sin <l>) V — l . d<^, 

db* = mr""' [cos (m— 1 ) <^ + V— 1 . sin (m— 1) <^] {dr 

+ rV— l.c^) (cos<^ + V—l. sin <^), 
(fe* = mz^^-^dz, [1] by Art. 37 [2] , 

f = ««-S [2] 

and a power of an imaginary variable has a Single derivative. 

EXAMPLE. 

Show that [1] and [2] hold for all powers of z. 
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39. If z^zx + y^T-i, 

c'=:e*(cosy+V^.siny), byArt. 81 [1], 

dfe* = e*da;(cosy + V^. siny) + e*(— siny 
+ V^.cosy)dy, 

de' = e*(co8y+V— l.siny) (dx+V^^.dy)^ 
d^=z^dz, [1] 

EXAMPLE. 

Show that da' = a' log a,dz. 

40. If 2 = r(cos<^ + V^.sm<^), 

log2; = logr + <^V^, byArt. 33, 

r r 

^iQg^ ^ ((fr+rV^.d<^)(co8j>-f^/^.8iD0) ^ 

r(cos <^ + V— 1 . sin <^) 

dlog« = — , [1] 

^l2S2 = i. [2] 

dz z 



41. sinÄ = ^ '^-f2 ' ^ l,y ^^^ 35 [-g-] ^ 

2V-1 

(isinÄ = ^- ±1= V^.cfe 

2V-I 

= 5- ±^ dÄ, byArt. 35 [1], 

dsin« = cosÄ.d«. [1] 
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cos« = r: , 



dcos2; = V — l.di? = -zz: — dz, 

2 2 V^ 

dcoss; = — sinz.dz. [2] 

42. We See, then, that we get the same formulas for the dif- 
ferentiation of simple functions of imaginaries as for the dif- 
ferentiation of the corresponding functions of reals. It foUows 
that our formulas for direct Integration (I. Art. 74) hold when x 
is imaginary. . 

JSyperbolic Functions. 

43. We have (Art. 35 [5] and [6]) 

i — e« jL. ß-» 
cos» V — 1 = — -^ — , 

and sina? V^ = ^""^"" V^, 

where x is real. — r — is called the hyperbolic cosine of aj, 

^ g« ß-» 

and is written Cha?; and — - — is called the hyperbolic sine 

of X, and is written Sha; : 

Sha?= ^""^"' = -V^.sina?V^, [1] 

z 

Cha? = ^ + ^"' = cosa? V^. [2] 

The hyperbolic tangent is defincd as the ratio of Sh to Ch ; 
and the hyperbolic cotangent, secant, and cosecant are the re- 
ciprocals of the Th, Ch, and Sh respectively. 

These functions, which are real when x is real, resemble in 
their properties the ordinary trigonometric functions. 
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44. For example, 



for 



and 



Ch2aj-.Sh*aj=l; 



Ch«a5 = 



_ e2» -I- 2 + e- 



2s 



4 



[1] 



(1) Provethat 

(2) Provethat 

(3) Prove that 

(4) Prove that 



EXAMPLES. 



1-Th*aj 
1 - Cth^aj 
Sh(ic + y) 
Ch{x + y) 



Sch«a?. 
— Csch^a?. 

ShajChy + Ch»Shy. 
ChajCh^^ + ShajShy. 



45. 



__^e* — e"*__e'-f-e 



dShx = d 



dShx=zChx,dx. 



-a 



dxj 



(1) Prove 



dChx 

dThx 

dCtha; 

d Seh 05: 

dQschx 



EXAMPLES. 

= Shrc.cfo;. 
= Seh* «.da;. 
= —CBch^x.dx. 
= — Scha;Tha?.da;. 
= — CschajCthaj.cto. 



46. We can deal with anti-hyperbolic functions just as with 
anti-trigonometric functions. 
To find dSh-^a?. 



Let 
then 



u = Sh"^», 
«= Shw, 
dx=Chu.dUy 
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Chu 
ChM= Vl + Sh*tt, byArt.4[l], 

dSh'^x^--^=. [1] 

EXAMPLES. 

Prove the formulas 

ji^i «1 dx 



%At'y^u. 


«</ < 


^a^-1 




dTh- 


•»« 


dx 
~l-a>»' 




dSch- 


•»« 


dx 






a;Vl- 


•iC« 


ICsch- 


■'a? 


dr 





«Vaj^ + l 

47. The anti-h3'perbolic functlons are easily expressed as 
logarithms. 

Let tt=Sh"^aj, 



then « = Sh w = 



€*• - C-* 



2 ' 



2aj = e'* — — , 

2aje'* = e**-l, 
e''*-2a;e'*=l, 
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as e** is necessarily positive, we may reject the negative value in 
the seeond member as impossible, and we have 

u = log (a? -f Vl^f?) , 



or Sh-^a? = log(a? + VT^). [1] 

EXAMPLES. 

Prove the formulas 

Ch-^a? = log(a? + V«^"^^). 

Th-^a? = ilogl±^. 

1 — X 



Sch->x = log(i + ^l). 



48. The principal advantage arising from the use of hyper- 
bolic funetions is that they bring to light some eurious analogies 
between the integrals of certain irrational funetions. 

From I. Art. 71 we obtain the formulas for direct integration. 






^"^ = sin-^a?. [1] 



Vl-ar^ 

dx 
1 + a^ 

dx 



a?V«*— 1 

From Art. 46 we obtain the allied formulas : 
dx 



= tan"^a?. [2] 



= sec'^a?. [3] 



= = Sh-^a? = log(aj + VTf^). W 



f 

r J^ =Ch-^a? = log(a? + V^"^) 



[5] 
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l-X 
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[6] 



J_^ =Th-ia; =ilog 
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CHAPTER III, 

GENERAL METHODS OF INTEGRATING, . 

49. We have defined the integral of an}' function of a Single 
variable as the function which Jias the given function for its 
derivative (I. Art. 53) ; we have defined a deflnite integral as 
the limit ofthe sum of a set of differentials ; and we have shown 
that a definite integral is the difference between two values ofan 
ordinary integral (I. Art. 183). 

Now that we have adopted the differential notation in place of 
the derivative notation, it is better to regard an integral as the 
inverse of a differential instead of as the inverse of a derivative. 
Hence the integral of fx,dx will be the function whose differ- 
ential is fx.dx ; and we shall indicate it by jfx,dx. In onr old 
notation we should have indicated precisely the same function by 

Jfx ; for if the derivative of a function is fx we know that its 
differential is fx.dx, 

50. If fx is SLXiy function whatever of a?, fx.dx has an integral» 
For if we construct the curve whose equation is y =fx^ we know 
that the area included by the curve, the axis of X, any fixed 
Ordinate, and the ordinate corresponding to the variable x, has 
for its differential ydx, or, in other words, fx.dx (I. Art. 51). 
Such an area always exists, and it is a determinate function of ä, 
except that, as the position of the initial ordinate is wholly arbi- 
trar}', the expression for the area will contain an arbitrary con- 
stant. Thus, if Fx is the area in question for some one position 
of the initial ordinate, we shall have 

l fx.dx = Fx + C, 

where C is an arbitrary constant. 
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Moreover, Fx + CisB. complete expression for jfx.dx; for if 

two functions of x have the same differential, they have the same 
derivative with respect to x, and therefore they change at the 
same rate when x changes (I. Art. 38) ; they can differ, then, 
at any instant only by the diflference between their initial values, 
which is some constant. 

Hence we see that every expression of the form fx.dx hos an 
integral, and, except for the presence of an arbitrary constant, 
hut one integral. 

51. We have shown in I. Art. 183 that a definite integral 
is the difference between two vaUies of an ordinary integral, and 
therefore contains no constant. Thus, if Fx-^G is the integral 
of fx.dx, 

»5 

fx.dx ^Fb-- Fa. 



£ 



In the same way we shall have 

fz.dz ^Fb'-Fa; 



f. 



and we see that a definite integral is a function of the valiLes 
between which the sum is taken and not of the variable with 
respect to which we integrate. 

Since 



Cyx.dx^Fa — Fb, 
1 fx.dx = — 1 fx.dx. 



EXAMPLE. 



fx.dx + I fx.dx = I fx.dx. 



52. In what we have said concerning definite Integrals we 
have tacitly assumed that the integral is a continuous function 
between the values between which the sum in question is taken. 
If it is not, we cannot regard the whole increment of Fx as equal 
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to the limit of the sum of the partial infinitesimal increments, 
and the reasoning of I. Art. 183 ceases to be valid. 

Take, for example, C ^• 

J-i ar 

Jg=Ja,-dx = ^ = -i, byI.Art.55(7); 
and apparently 

But I — ought to be the area between the curve 2^ = --, the 
axis of ic, and the ordinates corresponding to a? = l and aj= —1, 

whieh evidently is not —2 ; and we 

see that the function -- is discon- 

ar 

tinuous between the values a?= — 1 
and x = l. 

The area in question which the 
definite integral should representis 
easily seen to be infinite, for 




J-1 a^ € Je a^ e ' 



and each of these expressions increases without limit as € ap- 
proaches zero. 

53. Since a definite integral is the difference between two 
values of an indefinite integral, what we have to find first in any 
problem is the indefinite integral. This may be found by in- 
speetion if the function to be integrated comes under any of the 
forms we have already obtained by differentiation, and we are 
then Said to integrate direetl3\ Direet Integration has been illus- 
trated, and the most important of tlie forms which can be in- 
tegrated directly have been given in I. Chapter V. For the sake 
of convenience we rewrite these forms, using the differential 
notation, and adding one or two new forms from our secüons on 
hyperbolic functions. 
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af*ax = . 

rdx 1 

/a*da? = ; . 
loga 

l 8mx,dx= —-co&x, 

I cosa;.c^=: sino;. 

I t&nx.dx = — log cos». 

I ctn X, dx = log sin a;. 

/dx . _i 

= sin ^x, 

C ^ = Sh-^a? = log(aj + VTT^) . 

-^ VIT? 

r ^ = Ch-^a; = log(a; + V^"^) . 

= tan ^x. 

1 + ar* 

/' dx _i 

— =sec ^x. 

X wScß — 1 



^ = vers^a;. 

V2rB — 3!2 
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54. We took up in I. Chap. V. the principal devices used in 
preparing a funetion for integration when it cannot be integrated 
directly. 

The first of these methods, that of Integration by Substitution, 
is simplified bj the use of the differential notation, because the 
formula for change of variable (I. Art. 75 [1]), 

Jl w= j uD^x becoming | ttda?= J u — dy, 
» Jv J J dy 

reduces to an identity and is no longer needed, and all that is 
required is a simple Substitution. 

rdx 

(a) For example, let us find I ~ Vl+ loga?. 

Let 1-1- log« =2, 

doß 
then — = cte ; 

X 

and J — Vi -h loga? =^fzhdz = f «1 = f (1 + loga?)i. 
/ix T» - . -j /^ dx 



Let 


J €' -h e- 

6* = ^, 


then 


€f'dx = dyj 




dx _ €fdx • __ dy 



and fzj^, = Ct^ = tan-^s/ = tan -»e«. 



(c) Required j seea?.da?. 



seco? 5= = . 

cosa5 cos^aj 

Let 2; = sina;; 

then dz = cos x, dx. 

cos*a;= 1 — 2;*, 
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rcos^^ r-^ = ilogi±5, by Art.53, 

J cos«» J 1-2« ^ ^I-ä' ^ 

I BBQX.dX = ^log — "^ 



sino; 



EXAMPLES. 

-f cosa? 



Prove that (1) Ccacx.dx = ^log ^!^ — ^^^ = logtan -. 
Suggestion : Let aj = cosä. 



55. The formula for Integration by parts (I. All;. 79 [1]) 
becomes 

j udv = «V — J vdUy [1] 

when :we use the differential Dotation. It is used as in I. Chap. V. 
(a) Forexample, letusfindjVlogay.da:. 

Let M = loga?, 

and dv = af'dx; 

dx 
then du = — , 

X 



and v = 



«•»+1 



n+l' 

aflogaj.daj = -:^loga;- 1 — — daj = — — (logx — . 

^ n+l c/n+1 n + lV w+ly 

(&) Required ja; sin"^ aj.da;. 

Let tt=8in"^a;, 

and dv = xdx ; 

then c?M = , , 

Vi-»* 
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« 

and '^~?' 

Cxain-^x.dx = - sin-^a; - i C ^^ , 

j X8in"*a5.da; = — sin"*« + i(cos~*a5 + W 1 — a^). 

(Hm?- 

Let tt = ajc", 

dx 



and dt; = 



then du = (aje" + e*)da; = €*(! + a?)da?, 

and V = — , s 

1 +a? 

J (1-h»)' l+x J 1 + a: 



£XAMPL£S. 



(l)/_^= = sm 



da? . _i3 + 2a5 

_^=:=z = sm * ^_ ' 

Vl-Saj-ar^ Vl3 



x\Air^x.dx=:.-^ — tan"*» — ^a?. « 

^ ^ J (l-xy 1-a? 2(1-«/ 

(4) f ^^ =:-V2aa?-ar^4-avers-*l 

(5) J'v2aaj-a^. da? = ^:=^ ^J2ax--af + j sin-* ^:=^. 
Suggestion : Tlirow 2ax — a^ into the form a* — (» — a)*. 

(6) ri±^2i? da? = log (» + sin»). 
J a? + smaj 
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(7) I — aa? = a;tan-. 

^ ^ J 1 4- cosaj 2 



Suggestion : Introduce - in place of x. 



<«>/ä 



dx 



«(loga;)* (n — 1) (logaj)'*"^ 

(9) r}2gil2S£)(iaj = log« [log(log «)-!]. 

(10) r?El!^^ = ztan« + log cos«, where« = war^x. 

(11) r.^_^ 1 iogtanff + j\ 

J sinic+cosa? V2 \2 ^/ 
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CHAPTER IV. 

RATIONAL FRACTIONS. 

56. We shall now attempt to consider sj'stematicall}' the 
methods of integrating various functions ; and to this end we 
shall begin with rational algebraic expressions, Any rational 
algehraic polynomial can he integrated immediately by the aid of 
the formula 



f 



Qifdx = 



n-hl 

Take next a rational fraction^ that is, a fraction whose nu- 
merator and denominator are rational algebraic polynomials. 
A rational fraction is proper if its numerator is of lower degree 
than its denominator ; improper if the degree of the numerator 
is equal to or greater than the degree of the denominator. Since 
an improper fraction can alwaj's be reduced to a pol3'nomial 
plus a proper fraction, by actually dividing the numerator by the 
denominator, we need only consider the treatment of proper 
fractions. 

57. Every proper rational fraxition can be reduced to the sum 
of a set of simpler fractions each of which hos a conatant for a 
numerator and some power of a binomial for its denominator; 

that is, a set of fractions an}- one of which is öf the form 



fx 
Let om' given fraction be -^ • 

^ Fx 



(x--a) 



If a, 6, c, &c. , are the roots of the equation, 

Fx = 0, (1) 

we have, from the Theor}* of Equations, 

Fx = A{x- a) {x - b) (x - c) (2) 
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The equation (1) may have some equal roots, and then some of 
the factors in (2) will be repeated. Suppose a occurs p times 
as a root of (1), h occurs q times, c occurs r times, (fec, 

then Fxr=zA{x — ay{x—hy{x—cy (3) 

Call A(x —hyix-- cy = <t>x ; 

then Fx= {x — ay4>x^ 

and :^ = ^ =_ll_ + _^ 



Fx (x — ay<t>x {x — ay<fiX {x — ay<f)X 

fit' fa 



(x—ay {x — ay<j>x 

-r \^ . is a new proper fraction, bot it can be reduced 

{x-'ay<t>x *^ ^ 

to a simpler form by dividing numerator and denominator by 
x — a^ which is an exact divisor of the numerator because a is a 
root of the equation 

fx—J^<t>^= 0. 
if>a 

If we represent by fiX the quotient arising from the division 

offx —J—diX by a? — a, we shall have 
<ha 

fx _ <f>a fiX 



Fx (^x — ay {x — ay-^<l>x^ 

where ^ = — is a proper fraction, and may be treated 

{x-ay-^<l>x ^ ^ "^ 

preciselj' as we have treated the original fraction. 

M 

Hence /i«^ _ ^^ i ^^^ 

(a; — ay-^ <t>x {x-ay-^ (« — ay-^<t>x 

By continuing this process we shall get 

fx Kt>a <f,a . i>a , , <^a , ^a; 

Fx {x-ay'^ {x-ay-^^ {X'^ay-^'^ "^a-a"^ ifoß' 
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f X 

In the same waj'^ «^^^ can be broken up into a set of fractions 

<^ 

having (x — 6)*, (aj--ö)*~S &c., for denominators, plus a frac- 
tion which can be broken up into fractions having (ä—c)', 

(aj — c)''^ , &e., for denominators; and we shall have, in 

the end, 



+ 7;;^^^^+ +^rf7:+ +^' W 



Fx {x — ay {x — ay-^ x—a (a?— ö)« 

J^ + 4.-?! 

where K is the quotient obtained when we divide out the last 
factor of the denominator, and is eonsequentl}' a constant. More 

than this, K must be zero, for as (1) is identieally true, it must 

fx 
be true when a?= oo ; but when a;= oo, 4=- beeomes zero, be- 

Fx 
cause its denominator is of higher degree than its numerator, 

and each of the fractions in the second member also beeomes 

zero; whence K=0. 

58. Since we now know the form into which any given rational 
fraction can be thrown, we can determine the numerators by the 
aid of known properties of an identical equation. 

Let it be required to break up -j ^ into simpler 

fractions. • ^"^ "" ^^ ^^"^^^ 

By Art. 57, 

3x-l A j_ B 

1 T. 7 1" 



{x-iy(x-^i) {x^iy^x-i^x-j-v 

and we wish to determine -4, 5, and C. Clearing of fractions, 
we have 

Sx-'l = A{x + l)'i'B{x-l)(x + l) + C{x-iy. (1) 

As this equation is identieally true, the coefficients of like 
powers of x in the two members must be equal ; and we have 

5 + (7=0, 

^-2(7=3, 

^--B + C=-l; * 






Chap. IV.] RATIONAL FßACTIONS, 4S 

whence we find -4=1, 

-B=l, 
C=-l; 
d 8a;— 1 __ 1 1 1_ ^ox 

^^ (x-iyix-^i)'^ {x-iy^x-i x + 1 ^^ 

The labor of determining the required constants can ofben be 
lessened by simple algebraic devices. 

For example; since the identical equation we start with is 
true for all values of », we have a right to Substitute for x valaes 
that will make terms of the equation disappear. Take equa- 
tion [1] : 

8aj-l = ^(aj + l) + 5(aj+l)(a?-l) + (7(a?-l)«. [1] 

LetaJ=l, 2 = 2^, 

^=1, 

then 2aj-2 = 5(iB + l)(iB-l) + <7(aj-l)*; 

dividebyic-l, 2 = 5(aj + l)+C(a?- 1). 

Leta;=l, 2 = 25, 

B=l, 

then -aj+l=(7(a?-l), 

0=-l. 

EXAMPLES. 

(1) Show that when we equate the coefficients of the same 
powers of x on the two sides of our identical equation, we shall 
alwa3's have equations enough to determihe all our required 
numerators. 

(2) Break up - — "^ ^"^ — - into simpler fractions. 
"^ ^ *^ (a;-3)2(a?-|-l) 

59. The partial fractions corresponding to any given factor 
of the denominator can be determined directly. 
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Let US suppose that the factor in question is of the first degree 
and occurs but once ; represent it by a? — a. 



by Art. 57, where 



Fx x-a il)x' ^^ 

Fx 

<^ = , 

x — a 

80 that Fx=^{x^ a) ifas. 

Clear (1) of fractions. 

fx = 4<l>x + {x — a)fiX. (2) 

As (1) is an identical eqaation, (2) will be tnie for any value 

of X, Let a? = a, 

fa = A<t>ay 

A = &. (3) 

a result agreeing with Art. 57. 

Hence, to find the numerator of the fraction corresponding to 
a factor (x — a) of the first degree^ we have merely to strike out 
from the denominator of our original fraction the factor in ques- 
tion ^ and then Substitute a for x in the result. 

If the factor of the denominator is of the nth degree, there are 
n partial fractions corresponding to it. Let (x — a)" be the 
factor in question. 

fx^ A^ A, As . _^ . JA? ^4^ 

Fx (aj--a)"^(aj-a)"-i^(aj-a)"-*^ ^x-a^ifas'^ ^ 

where Jb = (a? — a) * <f)X. 

fx 
Multiply (4) by {x — a)", and represent (x — a)" ^ by to. 

Fx 



to =^1 + A^^x — a) -^As{x — a)* + + -4^(a? — a) 

+ |(.-a)«. 



n-l 
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Differentiate successively both members of this identity, and put 
x=:a after differentiation, and we get 

Ai = <E>a, 



(n-1)! 

Although these results form a complete Solution of the prob- 
lem, and one exceedingly neat in theory, the labor of getting 
the successive derivatives of ^x is so great that it is usually 
easier in practice to use the methods of Art. 58 when we have to 
deal with factors of higher degree than the first. So far as the 
fractions corresponding to factors of the first degree are con- 
cerned, the method of this article can be profitably combined 
withthatof Art. 58. 

60. As an example where the method of the last article 
applies well, consider 

3aj-l ^Ä B C 



a?(aj — 2)(aj + l) x x—2 «-j-l' 

^^ r 3a;-l 1 ^1 
L(a;-2)(x+l)i=o 2' 

lx{x + l)X,, 6' 

La:(aj - 2) J._i 3' 

3a;-l 1 1,5 141 r-ii 



w(a? — 2)(« + l) 2 a? 6 « — 2 3 x-^1 
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Again, consider 

1 1 AB 



l+a^ (a! + Viri)(a,_V-rl) as+V-l x-V^' 

_i-r 1 1 ^ L_=VEi, 

La;+V-lJ..v-i 2V-I 2 

1+x» 2 'a, + V^ 2 'a,_V^' •■ ■■ 



61. Let US now consider a more difficult example, where it is 
wortb while to combine our methods. 

To break up ^^^ . 

0^ + 1 ^ g^+1 = _rdi_ 

(x-iy{a^+l) (a;-l)<(a; + l) (a^-a?-Hl) (aJ-1)* 



(a,-i)3 (a;-i)2 a;-l x + l aj-^-^V^ 
+ ^-=. (1) 

L(a;-l)*(a^-a;+l)J.„.j 24' 

_l_ r a^+1 1 =1 

L('«' + l)(«'-a'+l)i.i ' 

(t^r_ JB'+l " I ^_1^ 

L(a! -iy(x + l){x-i-i V-3)>4-i^-a 3 



Chap. IV.] BATIONAL FBACTIONS. 47 

3 3 1 (2a?-l) 



Substitute these values and clear (1) of fractions. 

2A(x'+l) = 24t{x+l)(a^-'X+l)-\-24:Ä2(x-'l)(x+l)(a^-x+l) 
+ 24^3 (a? -1)2 (a? -hl) («" - a? +1) + 24 ^4 (a? -1)« (a? + 1) 
(^a^^x+1) + (a;- l)*(a^-aj+ 1) -8(2«- 1) (a?- l)*(a? + 1) ; 

15a^-51ar^+45a?*+6Ä*-5lÄ2-|-45a;-9=24^2(aj-l)(aj-hl) 
(aj2 __ a? + 1) 4- 244, (« - 1)* (a: + 1) (aj* - a? + 1) + 24^4 
(aj-l)8(a;-hl)(«* + a?-l). 

The second member of this equation is divisible by 

(a?-l)(a;-|-l)(Ä2-aj+l), 

therefore the first member must be divisible by the same quantity. 
Dividing, we have 

15a^ - 36» + 9 = 24^2 + 244(aj -1) + 24^4(a; - 1)«. 

Letaj=l, -12 = 24^, 

and we get 

15a^-36a; + 21 = 244(a;-l) + 24il4(aj-l)*. 

Divide by a; — 1 ; 

15a;-21 = 24^8 + 24 ^^(aj-l). 

Letaj=l, — 6 = 24^, 

Ä --1 

15aj-15 = 24^4(a;-l). 
Divide by « - 1 ; 15 = 24 ^14, 

^ 8 
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Hence 



a^-hl 1111 1 . 5 1 

— j. — 



+l._L__i. L___i 1__. (2) 

24 x + l 3 Ä-i-iV^ 3 a:-i-HiV-3 



62. Having shown that any rational fraction can be reduced 

to a siim of fractions which always come under one of the two 

A A 
forms and , it remains to show that these forms 

(x-^ay 0?— a 
can be integrate^J. 

To find f ^^, , 

let Ä = 0? — a, 

then dz = dx, 

and 
r Adx _j^Cdz_ ^ A __ 1 A n^-| 

To find f-i^, 

let z=^x—aj 

then dz = dx, 

and Tjd^ = ^ r^ = ^loga; = ^log(a; - a) . [2] 

Turning back to Art. 58 (2) , we find 

/ (3a?-l)da; ^ C dx C dx ___ r dx ^ 1__ 

{x-\y{X'\-l)'^J \x-\y J x-l J x-\-\ a?-l 

+ log(aj-l)-log(a: + l) = ^+log^. 

oj — l aj + 1 

Tuming to Art. 60 (1), we have 

/ (3a;— l)da; _ , Cdx . C dx __ ^ r dx 
x(aj-2)(a;-l) V« Va?-2 V a? + 1 

= i-logaj + ^log(a;-2)-ilog(a; + l). 
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63. If imaginary values come in when we break up our given 
fraction, they will disappear if we combine our results properly 
after integrating. 

We know (Art. 28, Ex. 2) that if the denominator of our 
given fraction contains an imaginary factor, (x — a — b V— 1)*, 
it will also eontain the conjugate of that factor, namely, 
(aj — a + ö V— 1)".. Moreover, since b}' Art. 59 the numerator 
of the partial fraction corresponding to (aj — a — öV— 1)" will be 
the same rational algebraic function of a-j- &V— 1 that the nu- 
merator of the partial fraction corresponding to (a; ■— a + ^ V— 1)" 
is of a — ö V— 1 , these two numerators must be conjugate imagi- 
naries by Art. 28, Ex. 3. Hence, for every fraction of the 

form — "^ -J we shall have a second of the form 

(aj-a-öV-l)" 

■ ■ ■ ■ ■ ■ " » 

-^ (a,_a-öV-l)" (n-1) («-a-ftV-l)"-' 

byArt. 62[1]. 

A-ByT^ , 1 U-B-J^\) 



/; 



Let (a? - a + & V^) »"^ = X + F V=l , 

X and Y being real functions of x ; 
thcn (aj-a~6V^)"-' = X-rV^. 



J (^x — a—h V — 1)" *^ (aj-a-f-& V-1) 



-cZa? 

n 



(n-i)' x-rV^ (ft-i)' x+rV-i 

1 (2^X+25r) ri-i 

~ (n - 1) ■ (ar» - 2 aa!+a» +&')"-'' 

a result which is free from imaginaries. 
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If W=l, 

we have the pair of fractions, :=z and 



0?— a— öV— 1 aj— a+öV— 1 

J x-^a — b^—l 

by Art. 62 [2], 

•^0? — a + ftV— 1 



2» 



05— a 
b 



log(aj - a - ft V- 1) = ilog [(« - a)" + &*] - V- 1. tan"^ 

log(aj - a + ft V^) = ilog [(a? - a)« + «>"] -H V~l . tan"^ 

Hence f-^t^^^ ^ r^-BV^^ ^ 
•^ x — a — h V— 1 «^ a? — a -f-ö V — 1 

= ^log[(a?-a)' + 6*] + 2man-^-^, [2] 

05 — a 

which is real. 

The form of [2] can be modified by adding a constant. 

- 4- tan-i ^ - !r 4. otn-* ^""^ - E _ otn"! 5Llf - tan"! 5LZ? 

— -t~ belli — — _ -— -+- util _ — — -^ etil ■ — ball '■ • 

2 x-a 2 6 2 6 6 

Hence ^log [(a; - a)« + 6«] + 2Btan-^ ^^JZf [3] 

differs from [2] by the constant Bir^ and therefore is a true 
value of r A + B^/^^ ^ r A-BV^ 
•^05 — a — ftV—l ^ x — a + b^^l 

Turning back to Art. 61 (2) we find 

(x-iy{a^-\-l) J(aj-l)* V(aj-l)» V(aj-l)* 



db5. 






dx 



+ 1 Ja:-i-jV-3 ^as-i+iV-S 

= - i 7-^, + 2 • 7-^, + 1- -^- + f log (X -1) 
3 (»— 1)* 4 {x—ly 4 SB— 1 

+ A log ('B + 1) - ilog (a!* - a; + 1) . 
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EXAMPLES. 



aj— 2 



x—2 
x+2 



1) C^Sl^^^dx^x + \og^ 
^ J (a;-l)(aj-2) ^aJ- 

2) J^^daj = aj + ilog 
4) f.^^»|logi^zJL)!.»J_ 



1 . .i2aj + l 

V3 V3 



a-^-x 

■— • 

a; 



5) r_^_=J_tan-'54.J-log«± 
^Ja*-ar* 2a» a 4a» *a- 



«,f. 



da; 



= jlog^+^+-Ltan-2«'+l 



-1 . V2,„_, a? 



VB 



'^h 



a^da? 



^ JaJ* + a;2-2 ^ ^aj + 1 3 V2 



^>/(^ 



-f-a^ + 1 
dx 



dx = ilog 



-f-itan"^a; — 



a:2+a?+l' 

1 

4(aj-l) 



-*log(a;-l) 






+ ilog(a^+l). 



(10) r.^^^j_iog«^-^vg-M 



+ _-L_[tan-HajV2+l) + tan-H«V2~l)]. 
2V2 
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CHAPTER V. 

REDUCTION FORMULAS. 

64. The method given in tue last chapter for the Integration 
of rational fraetions is open to the practical objection that it is 
often exceedingl^y laborioiis. In many eases much of the labor 
ean be saved b}- making the required Integration depend upon 
the integration of a simpler form. This is usually done by the 
aid of what is called a reduction formula. 

Let the fiinction to be integrated be of the form ic*"^(a+6afy, 
where m, w, and p may be positive or negative. If they are in- 
tegers, the function in question is either an algebraic polynomial 
or a rational fraction; if they are fraetions, the expression is 
irrational. The formulas we shall obtain will appl}^ to either 
case. 

IJenote a + 6aj" by « ; then we want j af-^z^dx. 
Let »' = w 

and oT'^ dx = dv, and integrale hy parts. 

du = pz^'^ dz = bnpaf-^ s^-^ dx, 

«"* 

v = — , . 

m 
Car-'z^dx =^^^^ r^+n-ig-p-i^a., rn 

This formula makes our integral depend upon the integral of 
an expression like the given one, except that the exponent of a: 
has been increased while that of z has been decreased. 

We get from [1], by transposition, 

r^« + «-1 «p-i dx = — ' - -??L raj«-! z^ dx. 
J bnp bnpJ 



hence 
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Change m + n into m and p—1 into p, whence m is changed 
into m -^n and p into p H- 1, and we get 

ra?'"-Vda?= ^'"""^'"'' ^ ^-^ fa^—^-V+^c?», [2] 
J bn{p-hl) bn{p-\-l)J ^ -^ 

a formula that lowers the exponent of x while it raises that of z. 

Since z = a + &«**, 

z/^=z^'^{a + boif), 

therefore, by [1], 

m m J J J 

J am am J 

Change p into p-\-\* 

J am am J 

Change m into m — n, and transpose. 

ra-.-Vd^= ^-^^» a(m-n) T^-n-^^. [-4] 

We have seen that 

Caf'-^s^dx = a Car'^z''-^dx + & pj^+^-^Ä'-Mx, 
and, from [1], 

J np npJ 
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hence 

J J np npJ 

Car-^Pdx^ ^^' ^_cmg_ C^-i^p-i^x. [5] 

J m + np m-\- npJ 

Changep mtop+ 1, and transpose. 

C^-^z^dx^ ^!::i^+??L±!iP±I^ra--V+ic2a:. [6] 

J an{p + \) an{p-\-l)J ^ -^ 

Formula [3] enables us to raise, and formula [4] to lower, the 
exponent of x by n without affecting the exponent of z ; while 
formula [5] enables us to lower, and formula [6] to raise, the 
exponent of z by unity without affecting the exponent of x. 

Formulas [1] and [3] cannot be used when m = ; 

formulas [2] and [6] cannot be used when |> = — 1 ; 

formulas [4] and [5] cannot be used when m^=—np\ 

for in all these cases infinite values will be brought into the sec- 
ond member of the formula. 

65. Ifn=l, 2; = a-f-&ic, 

and our last four reduction fonnulas become 

x'^-^z^dx = ^^ — ^^ ^ ^ I oTz^dx. [3] 

am am J •- -* 

TT-^Z^dx = rz ; r - 77 ; t | O^'^Z^dx, [4] 

Csir''z'dx = ^^^^^+-^^IL. Car-'z^-'dx. [5] 

J m-\-p m-\-pJ 

J aO> + l) a(p + l) J ^ ■• 

lfm and /) are integers, and m>0 and /)>0, a repeated use 
of [5] will reduce p to zero, and we shall have to find merely 

the iyf^dx. 
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If m<0 and 2>>0, [3] will enable us to raise m to 0, and 
theh [5] will enable us to lower j? to 0, and we shall need 

only f ^. 

If m>0 and i?<0, [6] will raise p to — 1, and [4] will then 

/dx 
— . 

If m<0 and|9<0, [6] will raise p to — 1, and [3] will raise 

{*dx 
m to 0, and we shall need I — • 

J xz 






m 



X 



J z J a + bx b 

J xz J x{a + bx) a x 

Hence, when n = 1 , and m and j> are integers, our reduction for- 
mulas always lead to tbe desired result. 



^^>/^ 



EXAMPLES. 



x^(a+bx) a^ x a*x 2a^a^ 3 a*«* 4aÄ* 

(2) Consider tbe ease wbere n = 2, rewriting the reduction 
fonnulas to suit tbe case, and giving an exbaustive investi- 
gation. 



(3) fj- 
J (a 



a^dx X . X 



{a + bx'y 4b{a-^b7^y Sab{a + b3(?) 



-\ -tan 

8(aö)i 



\a 
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CHAPTER VI. 

IRRATIONAL FORMS. 

66. We have seen that algebraic polj'nomials and rational 
fractions can always be integrated. When we come to irrational 
expressions, however, verj' few forms are integrable, and most 
of these have to be rationalized bv ingenious substitutions. 

If an algebraic funetion is irrational because of the presence 
of an expression of tbe first degree ander tbe radical sign, it can 
be easily made rational. 

Let /(«, Va + bx) be the funetion in question. 

Let z = ^a -j- bx ; 

then 2* = a + öa?. 

* nz'^''^dz = bdxy 



aj = 



7^ — a 



b 
Henee Cf{x, Vä^\^)dx = '^CfftlZ^^ z\z^'^dz, 

whieh is rational and can be treated hy the methods of Chapter IV. 



EXAMPLES. 



(1) rV^+^ (7a; = a? + 4 Va? + 41og(Va?-l)« 

(2) Cy{ax+hrd^='^^äs£±j^n:. 

J a{m+n) 

(3) (ixy{x + a) + V(» + «)]<^« 

2w + l n + 1 ^»vv -r ^ • 
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67. A ca«e not unUke the last is //(a, , V7TW+Ü)dx. 
Let z=y/c-{- Va -h 6a; ; 



Hence 



6 
. 1 /(ic, Vc + Va -f- bx)dx 



= ^J/[ <^"-f-^ ^](^» - 0)«-.«- 



-l2;«-lcfe. 



(1) Find r 

(2) Find f- 



EXAMPLES. 

xdx 



Vc -h Va + bx 



dx 



\/l+Vl-a; 



68. If the expression under the radical is of a higher degree 
than the iirst the funetion cannot in general be rationalized. 
Tlie only important exceptional case is where the funetion to be 
integi'ated is irrational b}' reason of containing the Square root 
of a quantity of the seeond degree. 

Required j f(x, y/a -f 6ic -j- cx^) dx. 

First Metliod. Let c be positive ; take out Vc as a faetor, and 
the radical ma}' be written V-4 -{-Bx + o^. 

Let V-4 -f 5ic -f- 35^ = a; -}- 2;, 

A-^BX'iti^ — ^^1xz + ^, 

B-Iz 
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dx nz'-Bz+A)dz 

{B-2zy 

V^+Ba! + a!' = a! + g = - ^~-"^"^^ . 

B — 2z 

and the Substitution of these values will render the given func- 
tion rational. 

Second Method» Let c be positive ; take out Vc as a factor, 
and, as before, the radical may be written V-4 + Bx + x^. 

Let V-44-ÄcH-a;* = ^JA + xz ; 

u4-h-B» + «* = ^ + 2V^-a»-+-«*2;», 

1 — ar 
and the Substitution of these values will render the given func- 
tion rational. 

If c is negative the radical can be reduced to the form 
yJA +Bx — x^^ and the method just given will present no 
diffieulty. 

Third MetJiod. Let c be positive ; the radical will reduce to 
V-4 + Bx + a^. Resolve the quantity under the radical into the 
product of two binomial factors (a: — a) (« — )S) , a and ß being 
the roots of the equation A + Bx + sc^ = 0. 

Let V(aj--a)(a?— )3) = (a? — a)z ; 

(» - a) (a? -ß) = (a? - a) V, 

a^^ 2z{ß^a)dz 
V(^3^0(^3^) = (^ - a) « = -^^5^, 
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and the Substitution of these values will make the given function 
rational. 

If c is negative the radical will reduee to V-4 -f- Bx — o:*, and 
may be written V(a — fl5)(a5--)8) where a and ß are the roots 
of cc^ — Bx — u4 = 0, and the method just explained will apply. 

In general, that one of the three methods is preferable which 

will avoid introducing imaginary constants ; the first, if c > ; 

a a 

the second, if c < and — > ; the third, if c < and — < 0. 

— c ' ^ — c 

a 

If the roots a and ß are imaginary, and A = is negative, it 

will be iilipossible to avoid imaginaries, for in that case 
Ä + Bx — a* will be negative for all real values of x. 



69. Let US compare the working of the three methods just 

/dx 

Ist. Let y/T+Jx+1^ = X + z ; 

r dx _ r 2(:^-3z + 2)dz 3-2z _ r 2dz 

* ■\/2 + 3x + !i? «^ (3-22)* V-32 + 2 J3-2« 

= -log(3-22), 



/: 



dx 



= - log ( 3 + 2 « - 2 V2 4- 3 a; + »") 



= log 



3 + 2aj-2V2 + 3a;-|-ar^ 



_, 3-f 2a;-f-2V2+3a; + a.'^ 

" ^^9 + V2x + Ax'-S -12«- 40^2 

= log [3 + 2» + 2V2 + 3a; + a^]. (1) 

2d. Let V2 + 3a?H-a:^ = V2+a;2:; 

r dx ^ r(y/2.z'-Sz + .J2)dz __Lzi£!_ 

^V 2 + 3a?+ ^ J (1-^)' V2.«*-3^ + V2 

= 2r--^ = logl^tl. (Art. 52) 

J 1 — sr 1 — 2 



60 INTEGRAL CALCULUS. [Art. 69. 



V2-h3a 



^lQg g-V2 + V2-f3a;+"g 



Sx + a^ oj + V^ — V2 + 3aj-f a^ 

a^4-2a:V2 + 3ic + aJ* + 2 4-3aj4-«*— 2 



= log 



= log 



a^ + 2 V 2 . a; + 2 - 2 - 3 a; - «* 

3 + 2a; + 2V2 + 3a?4-a;^ 
2V2-3 



= log(3 4- 2»+2 V2-K3ä-f?) - log(2V2-3), 
or, dropping the constant log (2 ^2 — 3) , 

f ^^ - = log(3 + 2a; + 2V2-f 3aj4-a^). (2) 

*^ V2 4-3aj + aj2 

3d. Let V2 -f 3aj + a:^ = V(a; + 1) (« -f 2) = (a; 4- 1)2 ; 
JV2 + 3aj + ar» •/(l-«^)« -2 J 1 - 2^ ^l-« 

•>^ V2 + 3a; + aj2 ^ _ x±2 V^qTi _ V^qr2 

Maj + 1 

_^ a;-f l + 2V2 + 3a; + a?' + a; + 2 
^ a;+l-a;-2 

= log(34-2a;4-2V 2-f 3« + «*) -h log ( - 1 ) , 
or, dropping the imaginary constant log (—1), 

f , ^^ = log (3 + 2 a; + 2 V^TS^T^) . (3) 

•^ v2-|-3aj4- ar* 

EXAMPLES. 

, /• cLc 1 , V4 + 2 x- — V2 — aj 
n^ I ■■ = -log — — L — 

^ ^ J (2 + 3a;)V4-ar^ 4^2 V4 + 2aj+ V2^=^ 

(3) r , ^— = = — log ( \-x^c 4- Va + öa? + ca^\ 

^ ^ J Va + öaj + ca^ V« V2Vc / 



Chap. vi.] irrational forms. 61 

70. If the function is irrational through the presence, under 
the radical sign, of a fraction whose numerator and denominator 
are of the first degree, it can always be rationalized. 



Required Cffx, ^^^^il^A dx. 



~ \lx 4- m 



Let 



x = 



Ix -f m' 
b — mz'^ 



, _ n(am — bl)z^~^dz 

and the Substitution of these values will make the given function 
rational. 

EXAMPLE. 

/ dx s/ l— a; _ g sl ß—A ^ 



71 . If the function to be integrated is of the formaj'""^(a-f-&aj*)'*, 
m, n, and p being any numbers positive or negative, and one at 
least of them being fractional, the reduction formulas of Art. 64 
will often lead to the desired integral. 

EXAMPLES. 
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72. We have said that when an irrational function contains a 
quantity of a higher degree than the second, ander the radical 
sign, it cannot ordhiarüy be integrated. It would be more cor- 
reet to sa}' that its integral cannot ordinarily be finitely expressed 
in terms of the functions with whieh we are familiär. 

The Integrals of a large class of such irrational expressions 
have been speeially studied under the name of EUiptie Functions. 
They have peculiar properties, and can be expressed in terms of 
ordinary functions only by the aid of infinite series. 
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CHAPTER VII. 

TRANSCENDENTAL FUNCTIONS. 

73. In dealing with the Integration of transcendental fUnctions 
the method of Integration hy parts is generally the most effeetive. 

For example. Required j x(logxydx. 

Let w = (loga;)*, 

dv = x.dx ; 

2 log», da? 



dtt = 



^=2' 



X 



fxilogxy = ^f(}^^ ^Jx\ogx.dx = I [(loga;)«- loga: + i]. 

Again. Required je'sinx.dx, 

w = sina;, 
dv = e* c?äj ; 
du = Qosx.dx, 

j e*sinaj.da: = e"sina; — 1 e*cosa?.(ic, 

j e*cosa?.daj = e*co8a;4- l ef'sinx.dx; 

i_ r. • j e*(sinaj — cos«) 
whenee I e* sm oj.aaj = — ^ •' ? 

j C ^ j 6*(sina;4-cosaj) 
and I e*eosa;.aaj= — ^^ -! ^- 
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EXAMPLES. 

(l)/a^(log.)»d.=£^ [(log.)»- 3^ 

. eioga? 6 "[ 

(m + 1)« (m+l)»J 

^2) nog^''^^==^i2£g 4,10g (1^0,). 



74. The method of Integration by parts gives us important 
reduction formulas for transcendental functions. Let üs con- 



sider j ain''x.dx. 



u = sin**"^aj, 



dv=: sinx.dx; 

du = (w — 1 ) sin*"*» cos aj.c?», 
v=: — eosa;; 

I 8in"a;.cfcc = — sin**"^«? coso? 4- (71 — 1) | sin""*« cos^ic.cte 
= — sin**"^« cosa; -f (n •— 1) j (sin**~*aj — 8iri^x)dx ; 

/sin* ».da? = sin"~^a? cosa? 4- ^^ 1 sin*~*aj.<Zaj. [1] 

n n J 

Transposing, and changing n into 71 -f 2, we get 

/sin" aj.da; = -J— sin"+^aj cosa? + ?!-tl fsin"+*a;.da?. [21 
In like manner we get 

/cos"a;.c?a; = - sina; cos""' x 4- ^~ | cos""*aj.<Zaj, [3] 

/cos" aj.da; = sina;cos"^'a; + ^"^ 1 cos"+*a;.daj. [41 
n + l n4-l*/ 

If n is a positive integer, formulas [1] and [3] will enable us 
to reduce the exponent of the sine or cosine to one or to zero, 
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and then we can integrate by inspection. If n is a negative 
integer, formulas [2] and [4] will enable us to raise the ex- 
ponent to zero or to minus one. In the latter ease we shaU need 

— — , or I , which have been found in Art. 54 (c) . 

coso? J sinx 

EXAMPLES. 

(1 ) Jsin^ x.dx 5iE^2!5 ^sin' a; + 1) + 1 a'- 

/«\ C A j sinajcos'aj/ « • 5\ , 5 , . , . 

(2) I eos*a;.(fo?= [ cos*»-f - j 4-TT(8in»cosa:-|-aj). 

(3) rj^ = --22?£_4.iiogtan5. 
^ ^ Jsin»» 2sin*aj ^ ^ 2 

(4) Obtain the formulas 

fsh-sj.cto = ish"-^aj Qhx - ^^ fsh^-^ir.da?. [1] 

rSh*aj.da? = -i-Sh"+^ajCha?-^i:^ fsh^+^aj.da;. [2] 
J n+l n+1 J ^ -^ 

fch-aj.da? = - Sho? Ch""^ x + ^^ Cch^'-^x.dx. [3] 

»/ n n •/ 

Cch^x.dx = ^ Shoj Ch«+*aj4- ^^ rCh'»+«a?.da?.[4] 

75. The {sirr^xYdx can be integrated by the aid of a reduc- 
tion formula. 

Let 2; = sin~*aj; 

then a;=:sin2;, 

(faj = cosÄ.cfe, 

and j (sin~*a;)*dÄ= j 2*eos2J.d2. 
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Let u = «*, 

dv = cos z. dz ; 

du ^ nz"^"^ öZy 
i? = sin«; 

I 21" cos z.dz = 2** sin « — w j ä*"'^ sin z>dz, 

j ä"'^ sin z.dz can be reduced in the same wa}', and is equal 
to — 2""^cos2;-|-(7i--l) I 2;*~^cos2;.dz; 
hence 

1 2;*cos«.d« = »*sinz-f w2**"^cos2; — «(w — 1) j 2;"~*cos2.d2;, [1] 

or I (sin"^ a:)"c2a: = a:(sin"^a;)'*-|- nVl — a^(sin~^a;)**~^ 

-n{n - 1) r(sin-'a:)"-2c2a;. [2] 

If n is a positive integer, tliis will enable us to make our re- 
quired integral depend upon | dv or | sm~^x,dx^ the latter of 
whieh forms has been found in (I. Art. 81). 

EXAMPLES. 

(1) Obtain a formula for j (vers~^aj)"da;. 

(2) C{s\n-^xydx = 4(sin-^a;)*- 4.3. (sin"^a;)2+4 .3.2.1] 

+ 4 Vr=^sin-^a; [(sin-^a;)2- 3 . 2]. 

76. Integration b}' Substitution is sometimes a valuable method 
in dealing with transcendental forms, and in the case of the trigo- 
nometric functions ofben enables us to reduce the given form to 

an algebraic one. Let it be required to find 1 (/öinx) coso^.do;. 

Let z = sin aj, 

dz = cosx,dx ; 

I (/sin x) cos x.dx= l fz.dz. 



Chap. VII.] TRANSCENDENTAL FUNCTIONS. 67 

In the same way we see that 
j (/cos a;) sin ».da; = — jfz.dz if z=z cosa;, 

and 
J [/(sina;, cosa:)] cos aj.cto = Clf{z, ^l—z^)'\dz if z = sin x, 

j [/(sina?, cosa;)] sin ». da? = — j [/(ä, Vi— r')]d2 if « = cosa;. 

77. I sin"* a; cos** a;.da; can be readily found by the method of 

Art. 76 if m and n are positive integers, and if either of tliem 
is odd. Let n be odd, then 

cos** X = cos**"^ a? cos a; = ( 1 — sin* a;) ~5~ cos a;, 

I sin^a; cos** a;. da; = 1 sin^a; (1 — sin*a;)"2" cosa;.da;. 

Let 2; = sina;, 

dz = cosa;. da;, 

I sin"*a; cos** a;.da; = j «"* (1 — 2;*)~2~d2, 

which can be expanded into an algebraic polynomial and inte- 
grated directly'. , 
lfm and n are positive integers, and are both even, 

I sin"*a; cos" a;.da; = I sin'"a;(l — sin^a;)« d». 

n 

sin"'a;(l — sin*a;)2 can be expanded and thus integrated by 
Art. 74 [1]. 

If m or n is negative, and od^, we can write 

cos**a; = cos""*a; cosa;, or sin'^a; = sin"*~'a; sina;, 

and reduce the function to be integrated to a rational fraction 
b}' the Substitution of 

2; = cosa;, or 2; = sina;. 

I sin"* a; cos** a;. da; can also be treated by the aid of reduction 
formulas easil}' obtained. 
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EXAMPLES. 



.10,,. ^^o8, 



i \ r • Ä 7 ^ cos"'aj COS"« 



j cos^ X Vsinic. da; = 



10 8 

2 sin*« 2sin'a? 



/sm^x,dx 2cosia? o^^„i^ 



V 



cos« 



/« • 4 j sina;cosa?/sin*a? sin^a? 1\ , x 
cos^a; sin*a;.aaj = ( ) H . 
2 V 3 12 8/16 

/-; r- = sec« + log tan^. 
sinajcos^a; 2 

'n\ C d^ cosa? ,8, . X 
^) I — 5 r- = 8ecaj ;— - 4--logtan-. 
J siira: COS'*« 2sin'*a? 2 2 

/' dx 1,1,,. 

tan*« 4tan*a? 2tan^aj 
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CHAPTER VIII. 

DEFINITE INTEGRALS. 

78. A definite integral has been defined as the limit of a sum 
of infinitesimals, and we have proved that if the funetion to be 
integrated is continuous between the values between which the 
ßum is to be taken, this limit can be found by taking the differ- 
ence between two values of an indefinite integral. 

In some cases it is possible to find the value of a definite 
integral from elementary considerations without using the indef- 
inite integral, and it is worth while to take one or two examples 
where this can be done. 

Xn 

By our definition this must equal 

limit [cos^O.doj -f cos^ dx.dx -f Qos^2dx.dx -f- coa^S dx.dx -f- 

+ cos^(7r— 3 da;) . dx -|- cos^(7r— 2 dx) . dx + cos^^w—dx) . dx"] 

= limit [die -|- cos^ dx.dx -^coa^2 dx,dx -f- cos^Sdx.dx -f- 

— cos^3 dx.dx — cos^ 2 dx.dx — cos^ dx^dx] , 

since cos(7r — <^) = — cos <^. 

We See that in this sum the terms destroy eaeh other in pairs, 
with the exception of the first term dx if the number of terms 
is odd, and with the exception of the first term and a term 

coa^- dx.dx in the middle of the set, if n is even. Each of these 

2 
terms has zero for its limit as dx approaches zero ; hence 



X 



TT 

Qos^x,dx = 0. 
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i 



1t 

m}?x.dx 





= lim [sin'O.da; 4- sin*cto.da; 4- sin'2 daj.da? + m^^dx.dx 4- 

4- 8in*(ir — 3 dx) . dx 4- sin'(7r — 2 dx) . dx 4- sin*(7r — dx) . da?] 
= lim[0 '\'2&m^dx,dx 4- 2sin*2daj.da; 4- 2sin^3<ir.daj 4- ] 

= 2 1 *8m*aj.da? = 21im[sin*0.daj4-sin*da/".daj4-sm*2c?a?.daj4- 

4- sin^f - — 2dx\dx 4- sin*| - — da; j.daj] 

= 2 lim [sin* 0. da? 4- sin* cto.da? 4- sin*2 daj.da? 4- ^vof^dx.dx 4- 

4- cos^Sdx.da; 4- cos*2 cZa;.cZa? 4- co^dx.dx'] 
= 2 lim [da? 4- cja? 4- da; 4- ]• 

Since * 8in*<^ 4- cos*<^ = 1, 



TT 



\ 



but da? 4- <^^ 4- da? 4- = - • 

4 

Hence Clm'x.d^=^^^l. 



EXAMPLES. 

XK 
cos^x.dx and 

sin* a;. da; by the usual methods. 

X27r 
sin^ a;.da;. r 



80. It is generally necessarj^, however, to obtain a required 
definite integral by substituting in the value of the indefinite 
integral according to Art. 78, and this can always be done when 
the function to be integrated is finite and continuous between the 
values between which the definite integral is to be taken ; that is, 
between what are called the limits of Integration, 



/» 



i 
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EXAMPLES. 



1 



TT- Ans. V2 — 1. 

r 



X » dx 
a' + a?' 



Ans. |V«(V2-1). 



j e'^dx (a positive). 



/fn«. 


IT 

2a 


^n«. 


TT 

2 


^718. 


1 

— • 




a 


m 




a» + 


m^ 


a 





er 4- w^ 



81. When we have occasion to use a reduction formula in 
finding a definite integral, it is often worth while to Substitute the 
limits of integration in the general formula before attempting to 
find the indefinite integi-al. 

For example, let us find j * 

We can reduce the exponent of x b}'' Art. 64 [4] 

. r»-'-V(fa= ,f-'^''\ - "("^-»\ far-Vdo,. [4] 

I •/ 6(m4-«p) b{m-{'n2))J 

For our example this becomes 

Cxr''\a^'-a^)-\dx 

-m4-l — m4-l-/ 

When a; = 0, ^^ — = 0, and also when x = a, 

— m4- 1 
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Hence 



2 X*« 



, 5 3 1 6 r« doj 

6 4 2 J, V^iTZ^' 

— = sm -, 
Va*- x" « 

f ' ^^ = fsin-^?] - fsin-^??'! = sin-^(l) - sin-HO) • 

sin~^(l) = ^ or.^-|-2ir or ^4-47r. In general, ^ + 2 nir. 
siii"^(0) = or 2ir or 4ir. In general, 2n7r. 

If we take 2 ?i7r as the value sin"^ has when o? = 0, and then 
increase a: to 1, as all the increments of the sin"^ _ are 

positive, our whole increment must be positive, and we must take 



TT 



2 nTT 4- - as the value of sin~^ (1 ) . Hence 



• -1/1 \ • -lA ^ ^ r' afoa; 13 5 Tra** 
sm Hl)"-s"i = - and i =-»--«- — . 

^ 2 Jo V^^^ 2 4 6 2 



EXAMPLES. 

ofßlx 2 4 



f' 7^^ _2 4^, 

^^^ Jo V^^ZT^ 3 5 * 

sfcf^^Ax = — • 

(3) rVvi?ir^.fto = -™. 

^ Jo 4 4 
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(4) ( a/'*(a^ — a^)Ma5= -. — Tra*. 



(5) Show that ( sin*a;.cfa?= ' ' /'"' > " ^ -whenn is even 
' Jö 2.4.6 n 2 

2.4.6 (n—l) , . •,, 

= ^ ' when n is odd. 

O . . / H 

XT TT 

cos"aj.cZa?= j sin**a?.da:. 

/"^ a^dx ^ 1.3.5 (2n--l) 7r 

^ ^ Jo Vl-x^ 2.4.6 2n 2* 

(Suggestion: Letaj = sinö.) 

82. Required 1 e~'x''dx. 
I e'*x^dx = — e"*»** + n j e"*ic*"'c?a;, by Integration by pcirts. 

When oj = 0, — = ; but when » = 00, — = — , and is inde- 

e* e* OD 

terminale. Determining it b}»^ the method of I. Art. 141, we 
find that its true value is ; hence 

e"x^*dx = n 1 e"'a;**"'(Zrc = 7i(n — 1) 1 e'^af^dx. (1) 

If ?i is an integer, this gives us 

I e''xi^dx = n\ 1 e^'dx, 

j e~*da: = — e"* = , which is equal to when a; = 00, and 

to — 1 when » = 0, 

e-*da5= 1, 

e"x^dx = nl 

If n is not an integer the vahic of the definite integral is mueh 

e^'x'^'^dx 

is generally represented by T (n) , and it has been carefully 
studied under the name of tlic Gamma Function. 
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In every case we have by (1) , 

r(n+l) = nr(w). 

(log»)* da? can be reduced to ( — 1)* I e~'2fcfo, and therer 
fore =±r(n-hl). 

83. We have seen that if fx beeomes infinite for a value of o? 
between a and 6, 

I fx,dx is not equal to ifx.dx — ifx.dx 

1 fx,dx and I fx.dx can 
be found without difficulty. 

liraitr r^'^ r^ n 

— I /^'^^ + 1 ßp'^^ is ealled the pnncipal value of 
fx,d<l>^ and is often finite and determinate. 

I 

a C — 



X 
1 



= 00 when x=:c. 



c — x 

»c-C 



Ja C — X € 

I =-log , 

c+e C — X € 

Jf*^ (iaj c — ci 
I = log . 
a C — X b— C 



EXAMPLE. 



X^ dx / 1 1 \ 
— . Ans. i[ — j)' 

84. We have seen, Art. 51, that a definite integral is a func- 
tion of the limits of Integration, and not of the variable explicitly 
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appearing in the expression integrated. Lei us consider the 
possibility of differentlating a deünite integral. 

Required Da j f(x^a)dx where a is independent of », and 

a and b do not depend upon a. Of course our derivative is a 
partial derivative. 



Let M= J /(a?,a)cte, 



TN limit 



\ /(aj,a + Aa)daj — 1 f(x^a)dx 



Aa 

^ limit r r> /(a;,a + Aa)-/(a;,a) ,n 
Aa = [Ja Aa J' 

Da I f{X^a)dX = I Daf{x^a)dX, 

and we find that we can differentiate under the sign of Integration. 

The truth of the converse of the last proposition can be 
easil}' established. 

r Cf(x,a)dx\da=:j \j/(x,a)da\dx 

TT r/(aj,a)da; Ida = TT C''f{x,a)d(i]dx if a, b, . 

«0, and a are entirely independent. 

A skilful use of the principles of the present Article will 
often enable us to obtain new definite Integrals. 

Jf" 1 

a 

Differentiate both members with respeet to a ; 

(-aje-«cfa;) = — -^ or 1 (a«-«cte = -. 
Differentiate again ; 



or even 



a» 
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Differentiaiing n timcs ; 

T X . , r* d« TT 1 

Let US consider I = r. 

•/o Qr-{'a 2 a« 

Differentiate n times with respect to a ; 

r "' dx ^ £ 1.3.0 (2n--l) 1 

Jo (flc2 + a)~+i 2* 2.4.6 2w 'a"+4* 

85. By differentiaiing under the sign of integraüon a compli- 
cated form may sometimes be reduced to a simpler one. 



Eequiredj; 



«Ä-OX 



€"" sin ma?.(te 



X 



Let «= f 5r!Sa!ü5<to, 

•/o aj 
I e"""cos mx.dx = -, by Art. 80, Ex. 7. 

Hence u = f— iL_ cZm = a f /^ , = tan"^- -f- G. 



€'*" Sin ma? 



Since, when m = 0, dx is constantly zero, 

i «"'"sin 7fLX 

I cte = when m = 0, and therefore (7=0, and 

Ja X 



we have 



Jo X a 



EXAMFLE. 



\ af*dx = 

n-fl 



(n + l)'-^^ 
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a 

Integrate both members 






EXAMPLES. 



e"**co8maj.daj = -s ^ obtain 

? cosmaj.c««===ilog — ^J. 

ß-"* sin maj.da? = — obtaiu 



r- 



e-«o*— €"-*!* . 



sin maj.dx = tan~^ — — tan"*— < 
X mm 



87. If in C f{x,a)dx a and 5 are functions of a, our formula 
for -— I f(x,a)dx becomes more complicated. 

Let ' ff(x,a)dx = F(x,a) , 

then u =Cf(x,a) dx = F(b,a) - F(a,a) , 

da aa aa 

but as b and a are functions of a, 

^F(b,a) = D,F{b,a) ^ + DaF{b,a), 
da aa 

Ai^(a,a) = 2>.i^(a,a)^ + DaF(a,a) , by I. Art. 200. 

da da 
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AF(6,a)=/(&,a), 
D,F(a,o)=/(a,a); 

^==D„lF(b,a) - Fa,a.1+f {h,a) f- -f(a,a) ^ 
ua üa da. 

= rk/(a!,a)dx-) + f{b,a)f - f{a,a) ^. [1] 

EXAMPLE. , 

Coiifinn this formula b}' finding — I sin(a; -f y)^. 

88. In our treatment of definite Integrals we have supposed 
that our limiis of integration were real, and that the increment 
dx of the independent variable was alwa^'s real. 

Definite integrals taken between imaginary limits, and formed 
by giving the variable imaginär}' inerements, have been made the 
subjeet of eareful stud}', and the}' are found very useful in con- 
neetion with the subjeet of Elliptic Integrals (Art. 72), or, as 
they are sometimes ealled, Douhly Periodic Functions, 
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bUSbb 








tanr: 


dy 
dx 


and (I. 


Arts. 


52 and 


181) 


tliat 


=:dx^ + df. 


From these 


we get 




ßinr: 


dy 
^ds' 










COSt: 


_dx 
ds 



CHAPTER IX. 

UENGTHS OF CÜRVBS. 

89. If we use rectangular coördinates, we have seen (I. Art. 27) 

[1] 

[2] 
[3] 

[4] 

by the aid of a little elementary Trigonometr)'. 

These formulas are of great impoitance in dealing with all 
properties of curves that eoncern in an}' way the lengths of arcs. 

We have already considered the use of [2] in the first volume 
of the Calculus, and we have worked several examples b}' its 
aid in rectification of curves. Before going on to more of the 
same sort we shall find it worth while to obtain the equations of 
two very interesting transcendental curves, the catenary and the 
traclrix, 

The Catenary. 

90. The common catenary is the curve in which a uniform 
heavy flexible string hangs when its ends are supported. 

As the string is flexible, the only force exerted b}' one portion 
of the string on an adjacent portion is a pull along the string, 
which we shall call the tension of the string, and shall represent 
b}' T. T of course has different values at different points of the 
string, and is some function of the coördinates of the point in 
question. 



80 
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The tension at an}' point has to support the weiglit of the por- 
tioii of the string below the poiut, and a certain amount of side 
pull, due to the faet that the string would hang vertically were 
it not that its ends are forciblj' held apart. 

Let the origin be taken at the lowest point of the curve, and 

suppose the string fastened 
at that point. 

Let s be the are OP^ 
P being any point of the 
string. As the string is uni- 
form, the weight of OP is 
proportional to its length ; 
we shall call this weight ms. 
This weight acts verti- 
cally downward, and must be balanced by the vertical effeet of T^ 
which, by I. Art. 112, is Tsinr. 

Herice TsinT = ms. (1) 

As there is no extemal horizontal force acting, the horizontal 
effeet of the tension at one end of any portion of the string must 
be the same as the horizontal effeet at the other end. In other 
words, Tcosr = c (2) 

where c is a constant. Dividing (1) by (2) we get 

5 = — tan T, , 

in 

or 5 = atanT, (3) 

where a is some constant. From this we want to get an equa- 
tion in terms of x and y. 



hence 



or 



and 



^ 



tauT = Vsec^T — 1 = A --X — 1 ; 
ads 



= c?a?. 



Integrate both members. 
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a log ( « -f V^"+?) = aj + (7 ; 
when » = 0, « = 0, 
hence (7==loga, 

and log(« + Va^-h «^) = ;: + log«? 

. « 

a * * 
s = -(e« — e «) = atanT by (3). 

Hence a^ = -(e«-e-i), 

and ^2^ = 5(ei + e-«)4.a 

If we ehange our axes, taking the origin at a point a units 
below the lowest point of the eurve, y = a when a; = 0, and 
therefore (7=0, and we get, as the equation of the catenary, 

y = |*(e* + e"«). (4) 

EXAMPLE. 

Find the curve in which the cables of a suspension-bridge 
must hang. Ans, A parabola. 

Tlie Tractrix, 

91. If two particles are attached to a string, and rest on a 
rough horizontal plane, and one, starting with the string «tretehed, 
moves in a straight line at right angles with the initial position 
of the string, dragging the other particle after it, the path of the 
second particle is called the tractrtx. 

Take as the axis of X the path of the first particle, and as 
the axis of Y the initial position of the string, and let a be 



82 
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tlie length of the string. From tlie naturc of the curve the 
striug is alwa3's a tangent, and we shall have for any point P 



y 

- = — sinr, 



[1] 



for T lying in the fourth quadrant has a negative sine. 




dj^ dif 



hence 



and 



y_ a\rfi ^'^ 

^2 — ~~ ds^ "" dx^ -{- dy^ ' 

y^(dx^ 4- dy^) = c?dy^^ 

fd^ = (a? — f)df, 
{a^-f)^dy 



dx= ± 



y 



is the differential equation of the tractrix, 

On the right-hand half of the curve t is in the fourth quadrant, 



dy 
dx 



or tanr is negative, and we shall write the equation 



dx = — 



{a^-f)hdy 

y 



[2] 



If we allow the radieal to be ambiguous in sign we shall get 
also the curve that would be described if the first particle went 
to the left instead of to the right. The tractrix curve, generali}' 
considered, includes these two portions. 

Integrating both members of [2], and determining the arbi- 
trary constant, we get , ^ 



Ä = — Va^ — y^ + «log 
as the equation of the tractrix. 



y 



[3] 
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EXAMPLES. 

(1) Show by Art. 91(1) that in tlie tractrix s = a log- if 8 is 
measured from the starting-point. ^ 

yi (2) Find the evolute of the tractrix. (I. Art. 93.) 

Rectification of Curves, 

92. In Unding the length of an arc of a given curve we can 
regard it as the limit of the sum of the differentials of the arc, 
and express it by a definite integral. 



We shall have s = C^dx^ -h df. 



Of course in using this formula we must express ^cb^ -\- dy^ 
in terms of x only, or of y only, or of some Single variable on 
which X and y depend, before we can integi'ate. 

For example ; let us find the length of an arc of the circle 

aj* -|- ^ = a^. 
2aj.da?-f2y.dy = 0, 
x.dx 



dy — 



y 



s = a| =a( sm^— — sin ^-2). 

m 

The length of a quadrant = a 1 . = — ; 

^»Va^-aj* 2 

.*. the length of a circumference = 2ira. 
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Length of Are of Cydoid, 

93. For the c3'cloid we have 

X =z a$ — a sin $ 

y 

dx = a(l — cos$)d$ = ydO^ 
a 



= aö — a sin ö 1 
= a — acosöj 



(I. Art. 99.) 



d$=z±. 



1 dy dy 



\ a w 



f ^2ay — f 



'^(^y — y 2 a — y 

^2a— y 

s = \l¥a C'-tM= = 2V2^(V2a-2/o-V2a-3^i). 
•^^0 W2a—y 

If the arc is measured from the eusp, 2/o = 0? 

s = 4a — 2 V2aV2a— 2/i. [1] 

If the arc is measured to the highest point, yi = 2 a, 

5 = 4a. 
The whole arch = 8 a. 

EXAMPLE. 

Taking the origin at the vertex, and taking the direction down- 
ward as the positive direction for y^ the equations become 

x = ae + asine\ (i. Art. 100.) 

y= a — acos$) 

Show that s = 2 V 2 ay when the arc is measured from the 
summit of the curve. 
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94. We can rectifj the cycloid without eliminating 0. 

x = a$ — a sin 
y= a — acos$ 
dx=^a(l --cos $)dO, 
dy=^a8inO,d$, 
d:x? + df =z^2a^d9-(l - co^e), 

and 8 = a^J2 f (l — cose)hd$, 

= a V2 r^'h sin2?1*dö = 4a f sin -d^ = 4af cos^' - cos^A- 
If öo = and öl = 2 TT, we get s = 8a as the whole curve. 

95. Let US find the length of an arch ofthe epicycloid. 



$ 



a; = (a 4- «>) oosO - b cos ^^'^^h 

b 

y=z(a + b)sine-b sin 2-±^ $ 

b 



,(I.Aii;.109[l].) 



dx = T- (a 4- b) sin ö -f (a + 5) sin ^^ßldO, 
dy=[ {a'{'b)cose-{a-{'b)cos^^^o'\d$, 
ds'=z(a-\'b)^d0'[2-'2fcos^^$ cosO + sin^Lt^ö sinÖ^I 
= 2(a 4- byd£^fl - cos^^Y 

s = (a-h&)V2 rYl-cos^^Vdö, 

^ 4ft(a-|-ft)r • a /i a /» "I r^T 

5= — 1 — ! — /cos — Öa— cos — Ol . ril 

a l 2b ^ 2b ] ^ ^ 

2b 
To get a eomplete arch we must let öo = and öi = — w. 

a 

Henee, for a whole arch, 

Sbia-^-b) 

8= • 
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EXAMPLES. 

(1) Find the length of an arch of a hj'pocycloid. 

(2) Find an arc of the curve jrf + yi = a*, and see whether it 
agrees with the result of Ex. (1) ; see I. Art. 109, Ex. 2. 

96. Let US attempt to find the length ofan arc ofthe elUpse, 









2x.dx . 2y.dy 


dy = 





Fi ^^^ 1* 

This function cannot be integrated directly ; 1 4* g/ 2_ .2\ 

can be expanded b}»^ the Binomial Theorem, and the terms can be 
integrated separately, and we shall have the length of the arc 
expressed by a complicated series. 

A more convenient way of dealing with the problem is to use 

an auxiliar}' angle. Instead of -j -f r^ = 1 we can use the pair 

of equations 

x = a sin <^ 

y = bcos<l> 
dx=^a cos <^.d<^, 
dy = — b sin <^.cZ<^, 
d^ = (a^cos^f^ + &2gin2<^)rf<^2 = [««- (a« - b') sin«<^]d<^2 

where e is the eccentricity of the ellipse. 



|, (I. Art. 150), 
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J^, [2 ^24 ^246 ^J^ 

This is one of the famous Elliptic Integrals. 

EXAMPLE. * 

y Show that the length of the hyperbolie arc is 



8 



=./;[■ +^s.v]V 



Polar Formvlae. 

97. If we use polar coördinates we have 

ds = ^d?+r^d^, (I. Art. 207, Ex. 2) , 

tan€ = ^, (I.Art. 207). 

ar 

From these we get, by Trigonometry, 

sin . = ^, [8] 

dr rjT 

oos« = -. [4] 

98. Let US find the equation of the curve which Grosses all its 
radii vectores at the same angle. Here 

tan € = a, a eonstant, 

— ^ = a, 
dr 

adr , . 
=d4>, 

r 
alogr=<^ + <7, 
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r = 6e« (1) 

where & is some constant depending upon the position of the 
origin. This curve is known as the Logarühmic or Equiangular 
Spiral. 

99. To rectify the Logarühmic Spiral, We have, from 98 (1 ), 



a 



^ = log,^; 



a<b = a — » 
^ r 

ds« =dr« + r2d<^« = (1 + a«)dfr« ; 
8= r(i+a«)idr=(l-ha*)Kri-ro). 

EXAMPLES. 

(1) Find the length of an arc of the parabola from its polar 

equation _ 

r — 



1 -h cos 4> 

(2) Find tiie length of an arc of the Spiral of Archimedes 

r = a<l>. 

100. To rectify the Cardioide. We have 

r=2a(l-cos<^), (I. Art. 109, Ex. 1), 

dr= 2 a sin <t>,d<l>, 
d^ = 4a2sin2(/».d<^2 -h 4a«(l - cos<^)*d[<^« 

« == 2 V2 . a r(i -cos <^)4d<^==8arcos|5 --cos^M 
= 16 a for the whole perimeter. 
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Involutes, 

101. If we can express the length of the arc of a given curve, 
measured from a fixed point, in terms of the coördinates of its 
variable extremit}- , we can find the equation of the involute of 
the curve. 

We have found the equations of the evolute of y=:fx in the 

form 

aj' = aj — p cos v") 

. [j (I.Art. 91). 

y = y — P sm V 3 

We have proved that tanv = tanr', (I. Art. 95), 

and that ^' = 1 , (I. Art. 96) ; 

dp 



ds' 

, dx^ 

cosr = -—-, 

ds' 



(Art. 89). 



Since tan v = tan t', v = t' or v = 180° + t'. 



As normal and radius of curvature have opposite directions, 
we shall consider v = 180° -j- t'. 

Then sinv = — sinr' and cosv = — cosr'. 

dx' 
Hence x' =:x-\-p---,^ (1) 

ds 

Since dp = ds', 

p = s'^l (3) 

where l is an arbitrary constant. x and y being the coördinates 
of any point of the involute^ it is only necessary to eliminate x\ 
y\ and p by combining equations (1) , (2), and (3) with the equa- 
tion of the evolute. 

As we are supposed to Start with the equation of the evolute 
and work towards the equation of the involute, it will be more 
natural to accent the letters belonging to the latter curve instead 
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of those going with the former; and our equations may be 
written x^x'+p'^; (4) 

p'=s+l. (6) 

To test our metiiod, let us find the involute of the cnrve 

letting p'= s -f- m. We must first find «. 

9m 

9m y 

d^ = 2£ + m^^ 
3m 

»=--L=_ C\2X'^m)idx = — i_.(2a? + m)«-m, 



'' = 5 + m = — jLr(2x-f-m)l, 



3V3 



m 



3 ' 

y^y>, ^ (2a; + m)(a;-m)« 

27m 2^ ' 

, x — m 
X = , 

3 
y' = - — (aj-m)2=:-i^, 

aj = 3a?'+m, 
4a;'2 

Substituting in (7) the values of x and y just obtained, we have 

y'^ = 2 mx' 
as the equations of the required involute. 
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EXAMPLE. 

Find the involute of a^ = oi?. 

• 

102. The involute of the cj'cloid is easil}- found. Take equa- 
tions I. Art. 100 ( (7), 

y = —a-\-acosO 
Let p = «, 

cto = a(l-f-cosö)dö =2acos*^rfö, 

6 6 
dy = -'asin0.dO =— 2 a sin - cos - c^, 

2 2 

ds« = 2a2c?^(H- cos^) = 4a2d^cos*-, 

s = 2al cos-tw =4asm-? 
Ja l 2 

x = x' -f 4a sin-cos- = a?' -f 2a sinö, 

2 2 

y = y' -f 4 a sin*- =y' — 2a(l — eosö), 



aj' = aö — a sin ö I 
y'= a — acos^i 



a cycloid with its cusp at the summit of the given cycloid. 

EXAMPLE. 

From the equations of a circle 

x=^a cos <^ 
y = a sin ^ 

obtain the equations of the involute of the circle. 

Am* x'= a(cos <^ -f <^ sin <^) ) 
y'=a(sin <^ — <^cos<^) ) ' 
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Intrinsic Equation of a Curve, 

103. An equation connecting the length of the arc, measured 
from a fixed point of any curve to a variable point, with the 
angle between the tangent at the fixed point and the tangent at 
the variable point, is the intrinsic eqtuxtion of the curve. If the 
fixed point is the origin and the fixed tangent the axis of X, the 
variables in the intrinsic equation are s and t. 

We have alread}^ such an equation for the catenary 

s = atanT, Art.90(3), [1] 

the origin being the lowest point of the cui*ve. 
The intrinsic equation of a circle is obviously 

s = ciT^ [2] 

whatever origin we ma}- take. 

The intrinsic equation of the tractrix is easily obtained. We 

have 

y = — asinr, Art. 91 (1), 

and 5 = a log- ; Art. 91, Ex. 1 , 

y 

hence s = a log ( — esc t) 

where t is measured from the axis of X, and s is measured from 

the point where the curve crosses the axis of Y, As the curv^e is 

tangent to the axis of F, we must replace t by t — 90®, and we 

get 

s = alogsecT [3] 

as the intrinsic equation of the tractrix. 

EXAMPLE. 

Show that the intrinsic equation of an inverted cycloid, when 

the Vertex is origin, is 

s = 4asinT; (1) 

when the cusp is origin, is 

s = 4a(l— cost). (2) 
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104. To find the intrinsic equation of the epicj'cloid we can 
use the results obtained in All. 95. 

da;==(a+&)/'sin^^ - sinöyö=2(a4-&)cos^!^±^ 

b}^ the formulas of Trigonometrj^ ; 

sin a — sin jS = 2 cosi(a + ß) sin|(a — ß) , 

cos)8— cosa = 2 sin ^(a H- ß) sini(a — ß) ; 

tanr = ^ = tan^L±^(9, 
dx 26 



hence 



2b 



,^iM£±l)(i-eos^ö)byArt.95[l]; 

therefore s = iM£±i) (i ^ cos -^— r) [1 ] 

is the intrinsic equation of the epic3'eloid, with the cusp as origin. 
If we take the origin at a vertex instead of at a cusp 



8 

a 



7r(a + 26) ,. 
r \-T , 

2a 



f Ab(a-\'b) . a , 
f — — V — ! — L sin T ; 

a a-\-2b 



hence s' = — ^ — 1LJ~ sin r^ t 



or s = — ^^ — ■ — ^sin T 

a a + 2& 

is the intrinsic equation of an epicycloid referred to a vertex. 
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EXAMPLE. 

Obtain the intrinsic equation of the hypocj'cloid in the fonns 



8 



= — ^^ ^(1— cos T), (1) 



a a-2b ^ ^ 



105. The intrinsic equation of the Logarithmic Spiral is found 

without difflculty. 

t 
We have r ^ 6e«, (Art. 9^8) , 

and 8=z Vi + a\ri - Vq) . (Art. 99) . 

If we measure the arc from the point where the spiral crosses 

the initial line, ro = ö, and we have 

o 

s = b^l -ha2(e«-l). 

In polar coördinates t = <^ + €, and in this case c = tan~^ a ; if 
we measure our angle from the tangent at the beginning of the 
arc we must subtract e from the value just given, and we have 

s = &(VT+ä2)(e«-l); 

or, more briefl}^ 8 = k{c^ — 1) ? ^ and c being constants. 

106. If we wish to get the intrinsic equation of a curve directly 
from the equation in rectangular coördinates, the foUowing method 
will serve : 

Let the axis of X be tangent to the curve at the point we take 
as origin. 

tan. = |; (1) 

and as the equation of the curve enables us to express y in terms 
of », (1) will give US x in terms of t, say x=:Ft] 
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then dx = F^t.cIt, divide by ds ; 

da? Tpi dr .. dx ^^^ . 
— = F^r — » Dut — = cost ; 

ds ds ds 

hence ds = seorF'T.dT. (2) 

Integrating both members we shall have the required intrinsic 
equation. 

For example, let us take a?= 2my, which is tangent to the 
axis of X at the origin. 

2xdx = 2mdy^ 

dy . x 

rr =taiiT = — , 
dx m 

dx = msec?T.dT, 

dx 9 dr 

— = COST = m sec*T — , 

c^ ds 

c^ = m sec^T.dr, (1) 

= ^ r_^ =|riiBf + logtanf^ + |)] + C, 
J cos^T 2 Leos^T \4 2Jj 

s = OwhenT = 0; .*. C=0; 

•=l[S7+'^^°(5+i)} « 



Example;8. 

(1) Devise a method when the curve is tangent to the axis 

of F, and apply it to y^ = 2 mx, 

% 

Q 

(2) Obtain the intrinsic equation of j^ = (x — m)*. 

27m 

(3) Obtain the intrinsic equation of the involute of a circle. 
(Art. 102, Ex.) ^ -^ a <^'^ 



s 
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107. The evolute or the involute of a curve is easilj^ found 
from its intrinsic equation. 





If the eurvature of the given curve decreases as we pass along 
the cuiTe, p increases, and 

s'=Y>-f>o. (I- Art. 96). 

If the eurvature increases, p decreases, and 

«' = ^ — P- 



Hence alwa3's 






[1] 
(I. Arts. 86 and 90) . 



We See from tlie figure that t' = t. 
Hence ^' = ±[(t) -(¥) ] 

or, as we shall write it for brevity, 

ds 



« = ± 



dr 



108. The evolute of the tractrix s = a logsecT is 



[2] 



dlogsecT 



dr 



= atanT, the catenary. 



The evolute of the circle s = ar is 



dr 



s = a — =0, a point. 

dr. ^ 
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The evolute of the cycloid s = 4 a(l — cost) is 



8 



^^^ d(l-~COSr) 



=:4asinT, 
ar 

an equal cycloid, with its Vertex at the origin. 

EXAMPLES. 

(1) Prove that the evolute of the logarithmic spiral is an 
equal logarithmic spiral. 

(2) Find the evolute of a parabola. 

(3) Find the evolute of the catenary. 

109. The evolute of an epicj^cloid is a similar epicycloid, with 
each Vertex at a cusp of the given curve. 
Take the equation 

^^ 46(a+6) A__^^_a_ \ Art.l04[l]. 
For the evolute, 



8 



dfl— cos — - — T| 
_ 46(a-f6) V a-f26 A 



8 = — ^ — I — ^sm T. ri| 

a-f-2ö a-f-26 S"' 

The fonn of [1] is that of an epicjxloid referred to a vertex 
as origin ; let us find a' and &', the radii of the fixed and rolling 
circles. 

. ^-^srn -,-p^r, by Art. 104 [2] ; 

hence, U^{a' -^b') ^Ab(a + b) 

a' a 



a'+26' a-f-26* 
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Solving these equations, we get 

,2 



a' = 



a' 



&' = 



a-f 26' 

ab 
a-f-2ö' 



5L' — 5 

and the radii of the fixed and rolling circles have the same ratio 
in the evolute as in the original epicycloid ; therefore the two 
eurves are similar. 

EXAMPLE. 

Show that the evolute of a h3'poc3xloid is a Qimilar hypo- 
cycloid. 

110. We have seen that in involute and evoltUe r has the same 
value ; that is, t = t'. 

If s' and t' refer to the evolute, and s and t to the involute^ we 
have found that 



^ " dr 



t' 





ds 
or 5' = — - — Z, l being a eonstant, 

dr 
the length of the radius of curvature at the origin. 

{s'-{-l)dT' = ds, 

is the equation of the involute, 
The involute of the catenary s = a tanr is, when Z = 0, 



= a j tanr.dr = alogsecr, the tractrix. 
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1*116 involute of the cycloid s = 4 a sinr when ^ = is 

s = 4a I sin t.(Zt = 4a(l — cost),. 

an equal cj'cloid referred to its cusp as origin. 

The involute of a cj'cloid referred to its cusp s =4a(l — cost) 
when Z = is 



8 



= 4al (1 — cosT)cZT = 4a(T -fsinr), 



a eurve we have not studied. 
The involute of a circle s^ar when Z = is 



5 = a I TAT = 

Jo 2 



111. While any given eurve has but one evolute, it has an 
infinite number of involutes, since the equation of the involute 



s'= Hs + O^' 



contains an arbiträr}' constant l ; and the nature of the involute 
will in general be different for different values of l. 

If we form the involute of a given curv'^e, taking a particular 
value for Z, and fonn the involute of this involute, taking the same 
value of Z, and so on indefinitely, the curves obtained wiU con- 
tinuall}' approach the logarithmic Spiral. 

Let s=/t (1) 

be the given eurve. 

s ==-^^{1 +fT)dT = It -\-fJfr.dT 
is the first involute ; 

S =.£(1 + Ir +fjfr.dr)är = lr + '^ +££fr-ä^ 
is the second involute ; 

8 = Zr + ^ + JJ + +'-!;+ r V-dr" (2) 

2 3! ni Jo 

is the ?ith involute. 
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B}^ Maclaurin's Theorem, 

/r =/o 4- r/'o +^ro -fi^^r'o + 

But s = when t = ; hence fo = 0, and 
-^ 2! 3! 



Jo -^ 2 3! 4! 

-^ 3! 4! 5! 



X 



(n+1) !^(n + 2)!^(7i + 3)! ' ^^ 

as n inereases indefinitel}^ all tlie terms of (3) approach zero 
(I. Art. 133) , and the limiting form of (2) is 

2] 3l 



= zfl + -4- — + — 4- -l\ 

V 1 2! 3! ) 



s = ^(e^- 1) by I. Art. 133 [2], 

which is a logarithmic spiral. 

112. The equation of a curve in reetangular coördinates is 
readily obtained from the intrinsic equation. 

Given s=/r, 

we know that sin r = -^, 

ds 

, dx , 

and eosT = — ; 

ds 
hence dx = cos rcZs = cost/V.c?t, 

dy = sin rds = sin TfW,dr^ 

X 



J\ cos t/'t.cZt 


2/ = I sin rf^TÄT 
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The elimination of t between these equations will give us the 
equation of the curve in terms of x and y. Let us appl}- this 
method to the catenary. 

s = atanr, 

ds = asec^T.dT, 



r"" ^ 1 /l -f-sinr 

y=za\ secTtanT.dT = a(secT — 1), 



^ l + sinr 
e« = — ■ , 

1 — sinr 

2« f _* 

e« — 1 e« — eä 
smr = -T = , 

2x X x' 

e« 4-1 e*-f e""« 

X X 

secT = i(e«4-e"«), 

the equation of the catenary referred to its lowest point as origin. 

Curves in Space. 

113. The length of the arc of a curve of double curvature is 
the limit of the sum of the chords of smaller arcs into which the 
given arc ma}' be broken up, as the number of these smaller arcs 
is indefinitel}' increased. Let (a;, y, «) , (o; + cZoj, y -j- Ay, z -j- A«) 
be the coördinates of the extremities of any one of the small arcs 
in question; dx^^y^^z are infinitesmial ; Vrfa^H-At/^+ As;^ is the 
length of the chord of the arc. In dealing with the limit of the 
sum of these chords, any one may be replaced b}' a quantity dif- 
fering from it by infinitesimals of higher order than the first. 
^/dx^-^dy^-\-dz'^ is such a value ; 

I '\/dxi^ -f dy^ -f dz^. 
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Let US rectify the hei ix. 

a; = a cos 
y = a sin ß 

c?a; = — asin^.dö, 
dy= acosO.dO^ 
dz = kd$^ 
d^ = {a^ + k^)dff'. 



(I. Art. 214.) 



-öo). 



EXAMPLES. 



(1) Find the length of the curve [y = — , 2; = 



S» 



0^ QS^ \ 

2 a 6a^J 

Ans. s = x + z-\-L 



aa? — ic, 2; = » — f -Y'""* -4na. 8 = x-\-y — z 
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CHAPTER X. 



ABEAS. 



114. We have found and used a formula for the area bounded 
by a given curve, the axis of X, and a pair of ordinates. 



=/s«te. 







We can readily get this formula as a definite integral. The 
area in the figure is the sum of the 
slices into which it is divided by the 
oixiinates ; if Aa;, the base of eaeh 
slice, is indefiuitel}' decreased, the 
slice is infinitesimal. The area of 
an}' slice difFers from y^x by less 
than AvAx, which is of the second - 
Order if Aa; is the principal infini- 
tesimal. We have then 



y 



M 



^0 ^ Ad; 



M limit '^"t . 



byl. Art. 161. 



Hence 



= I ydx. 



EXAMPLES. 

(1) Show that I xdy is the area bounded b}' a curve, the 

axis of y, and perpendiculars let fall from the ends of the 
bounding arc upon the axis of Y. 

(2) If the axes are inclined at the angle <o, show that these 
formulas become 



A = sin (0 I ydx = sin (o | xdy. 
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115. In polar coördinates we can regard the area between two 
radii vectores and the curve as the limit of the sum of sectors. 

The area in question is the sum 
of the smaller sectorial areas, any 
one of which diifers from i j'^^<f> by 
less than the differeuce between the 
two circular sectors ^(r-f Ar)-A<^ 
and ^i^AKJi; that is, by less than 

rArA6 + i — ^ ^ > which is of the 

2 

second order if A<^ is the principal infinitesimal. 




Hence 



limit [f^.^A^l 



116. Let US find the area between the catenary, the axis of 
X, the axis of F, and an}' ordinate. 



but 
Hence 



ydx= - I (e«4-e ä)dXj 



a 



2 X 



-(e«-e«) = s, 



by Art. 90. 



as. 



and the area in question is the length of the arc multiplied by the 
distance of the lowest point of the curve from the origin. 



117. Let US find the area between the tractrix and the axis 
of X. 

y 



We have 



(Art. 91.) 



A= j ydx = — I dy\la^ — y^. 
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The area in question is 

which is the area of the qaadrant of a circle with a as radias. 

EXAMPLE. 

Give, by the aid of infinitesimals, a geometric proof of the 
result just obtained for the tractrix. 

118. In the last seetion T^e found the area between a eurve 
and its as3'mptote, and obtained a finite result.* Of course this 
means that, as our second bounding oixlinate recedes from the 
origin, the ai*ea in question, instead of increasing indefinitel}^ 
approaches a finite limit, which is the area obtained. Whether 
the area between a eurve and its as3'mptote is finite or infinite 
will depend upon the nature of the eurve. 

Let US find the area between an hyperbola and its as^^mptote. 

The equation of the hjperbola referred to its asymptotes as 
axes is 2 , yi 

Let 0) be the angle between the asymptotes ; then 

-4 = sm 0) I ydx = ■ — sin o) I — = 00 . 

•/o 4 Jq X 

Take the eurve y*aj = 4a*(2a — «), 
or y*=4a'*. ; 

X 

any value of x will give two values of y equal with opposite 
signs ; therefore the axis of x is an axis of sj-mmetry of the 
eurve. 

When a:=2a,y = 0; as x decreases, y increases ; and when 
aj = 0,y = Qo. Ifaris negative, or greater than 2 a, ^ is iinagi- 
nary. Tlie shape of the eurve is something like that in the 
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figiire, the axis of Fbeing an asymptote. The area between the 
curve and the as^Tnptote is then either 

/•2a /»» 




••2« /»» 

A = 2 \ ydx or A=2 \ xdy ; 

cA> Ja 

hy the first formula, 

^ Jo y X 

by the second, 

•/o V -h 4 a^ 



EXAMPLES. 



(1) Find the area between the curve y^(a^ -f- a*) = a^a^ and its 
asjTnptote y = a. Ans, Ä = 2 a-. 

(2) Find the area between ^(2a— aj) = ar* and its asymptote 
x = 2a. Ans. A = 3 ircf. 

(3) Find the area bounded by the curve y^ = — ^ — -^-—^ and 

itö asymptote a? = a. ^ v 

Ans. ^ = 2a2(l + -j. 



119. If the coördinates of the points of a curve are ex- 
pressed in terms of an auxiliary variable, no new difficulty is 
presented. 

Take the case of the circle if^ -f- z/^ = a*, which ma}^ be written 

a; = a cos </» 
y==a sin <^ 

dy = a cos <l>d<f>. 

/•27r 



The whole area ^ = a^ 1 cos^ <l>d<l> = ira*. 
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EXAMPLES. 

(1) The whole area of an ellipse "" , , ^ > is iroh. 

y =zb sin <l> ) 

(2) The area of an areh of the cj'cloid is Swa^. 

(3) The area of an areh of the eompanion to the cycloid 
x = a$, y = a(l — cosO) is 2rra^, 



120. If we wish to find the area between two curves, or the 
area bounded b}' a closed curve, the altitiide of our elementary 
rectangle is the difFerence between the two values of y, which 
correspond to a Single value of a?. If the area between two 
curves is required, we must find the abscissas of their points of 
intersection, and they will be our limits of integration ; if the 
whole area bounded b}* a closed curve is required, we must find 
the values of x belonging to the points of contact of tangents 
parallel to the axis of Y. 

Let US find the whole area of the curve 

or a*y^ = Ij^oi^{a^—a^). 

The cur\^e is 85'mmetrical with reference to the axis of X, and 
passes through the origin. It consists of two loops whose areas 
must be found separately. Let us find where the tangents are 
parallel to the axis of Y. 

y^-x Vre^ — iB*, 

dy b (i^- 2x^ " 
-i = — — ^ = tanr. 

dx a^ 'sf^~a? 

T = - when tanr = 00, that is, when x=^±a. 
2 

^ = 2^ r«Va^-ar^.da; + 2^ fir Va^ - a^.cto=|a6. 
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Again ; find the whole area of (y — ä)^ = a^ — a?. 

A =f(y' - y")dx = r2 Vä^"^=^. 

To find the limits of Integration, we must see where t = -• 

dy Va^ — iK^ qp aj , 

-^ = — r=z==— = «) when x=±a. 

dx Va2 - a^ 



A=2C\a'--x' = '7raK 



EXAMPLES. 

(1) Find the area of the loop of the curve f = ^{^-^^) . 



a — x 
Ans. 2 



a. (.-=). 



(2) Find the area between the euiTes y^— 4aaj = and 

j 2 

(3) Find the area of a loop of a^y* = i»*(a^ — a^) . -4n«. 

(4) Find the whole area of the cun^e 

2f{a' 4- ä") - 4ay(a2 - a,-*) + (a* - a^)« = 0. 

121. We have seen that in polar coördinates 

A = ^\ t^d<l>, 

Let US tr}' one or two examples. 

(a) To find the whole area of a circle. 
The polar equation is r = a. 
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(b) To find the area of the cardioide ?•= 2a(l — cos^). 

A = i C'^a^l - cos<l>yd<l> == 2a2 ni- 2cos<^ -h cos^l^^)^^^, 

(c) To find the area between an arch of the epicycloid and the 
circumference of the fixed circle. 

o; = (a 4- &) cosö — 6 cos— ^t_ ^ 

b 

We can get the area bounded hy two radii vectores and the 
arch in question, and subtract the area of the corresponding 
sector of the fixed circle. 

Changing to polar coördinates, 

x=zr cos <^, 
y = r sin ^. 
We want i j i^d<l>, 

y 

tan 4 = :z' 
^ X 

but, since a? = r cos <^, sec <A = - ; 

X 

hence t^ = xdy^ydx ^ 

aud i^d<t>=^xdy—ydx\ 

da? = (a 4- &) ('- sin ö -h sin ^L±A ö") (W, 

dy = (a -{-b)Uo^e - cos^5^ö\w. 

ÄfZy - ydx = (a + 6) (a 4- 2 ö)/'l - cos - ö'jdö = r«d<^. 

Our liraits of Integration are obviously and -— . 

a 
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Hence A = i(a -f ö)(fe-h 2 ^)[~h - cos^ö'j dO, 

A = — (a + b){a + 2b), 
a 

ia the area of the sector of the epicj'cloid. Subtract the area of 
Uae circiüar seetor rrab, and we get 

. b\3a-h2b) 

jß. = —TT 

a 
as the area in question. 

(d) To find the area of a loop of the curve r* = a^cos 2 ^. 
For any value of <^ the values of r are equal with opposite 
signs. Hence the origin \s a centre. 

When <^äO, r=±a; as increases, r decreases in length 

tili <^ = - , when r = ; as soon as <^ > -, r is imagiuary. If <f> 
4 4 

TT 

decreases from 0, r decreases in length until <^=: — -, when ?• = ; 

and when <^<-, r is imaginar3\ To get the area of a loop, 

4 

then, we must integrate from <^=— -to<^ = --. 

4 4 

A = i Hr'dKß = ia* f^cos 2 <l>.d4> = ^' 



%/ TT 

T 4 

EXAMPLES. 

(1) Find the area of a sector of the parabola v = 

^ ' ' l-f cos«^ 

(2) Find the ai-ea of a loop of the curve y-'cos«^ = a^sin3</>. 

Ans. log2. 

4 2 ° 

(3) Find the whole area of the curve r = a(cos 2 <^ -f- sin 2 <^) . 

Ans. ira^. 

(4) Find the area of a loop of the cui-ve rcos<^ = a cos 2 <f>. 

Ans. f"* '^^-^ 



i'-iy 



(5) Find the area between r =a(sec<^+tan^) and its asj-mp- 
tote reos<^=2a. ^^^^ /'Ej.9\n' 



(i + 2)a^ 
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122. When the equation of a curve is given in rectangular 
coördinates, we can often simplify the problem of finding its area 
by transforming to polar coördinates. 

For example,,let us find the area of 

Transform to polar coördinates. 

?•* = 4 ?'*(a* cos* <^ 4- 6* sin* <^) , 
?'* = 4(a*cos*<^4-2^'8in*<^), 

wä = 2 ( (a*cos* <!>-}- b^ sin* <^) cZ<^ = 2 tt (a* -h 6*) . 



EXAMPLES. 

(1) Find the area of a loop of the curve (aj* -f- ^)^ = 4 a*a:*y*. 



Ans. 



8 



(2) Find the whole area of the cim^e ^ -i- ?^ = V^ 4- Ci* 



Ans. ^(a* + 6*) 



(3) Find the area of a loop of the curve ^ — 3 aocy -|- ar* = 0. 

3 a* 
Ans. 



123. The area between a curve and its evolute can easil}* be 
fouud from the intrinsic equation of the curve. 

It is easil}'^ seen that the area 
bounded by the radii of curvature 
at two points infinitely near, bj' 
the curve and by the evolute, dif- 
fers from ip^dr by an infinitesimal 
of higher order. The area bounded 
by two given radii vectores, the 
curve and the evolute, is then 




=*i;' 



p^dr» 
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__d8 

Hence A = ij^^ (^^ j dr. 

For example, the area between a cycloid and its evolute is 






Let 



cos* rdr. 



To = and ''i = ö 5 



= 8a*r? 



cos* TdT = 27ra*. 



EXAMPLES. 

(1) Find the area between a circle and its evolute. 

(2) Find the area between the circle and its involute. 

HolditcICs Tlieorem. 

124. If a line of fixed length move with its ends on any curve 
which is always concave towai'd it, the area between the curve 

and the locus of a given point 
of the moving line is equal 
to the area of an ellipse, 
of which the segments mto 
which the line is divided b}»^ 
the given point are the semi- 
axes. 

Let the figure represent 
the given curve, the locus 
of P, and the envelope of the 
moving line. 

Let AP = a and PB = 6, 
and let CB = p^ C being the 
point of contact of the moving line with its envelope. Let 
AB = a + b = c. 




Chap. X.J 



AREAS. 



113 



The area between the first curve and the second is the area 
between the first curve and the envelope, minus the area between 
the second curve and the envelope. 

Let 6 be the angle which 
the moving line makes at 
an}' instant with some fixed 
direction. Let the figure 
represent two near positions 
of the moving line ; Aö, the 
angle between these posi- 
tions, being the principal in- 
finitesimal. 

The area PBB'P'P differs 
from ip^dO by an infinitesi- 
mal of higher order than the first. 

ip^dß is the area of PBMP, and differs from PPNB by less 
than the rectangle on Pilf and PQ^ which is of higher order than 
the first, by I. Art. 153. But PPNB differs from PPB'B by 
less than the rectangle on BN and NB\ which is of higher order 
than the first, since NB\ which is less than PP-\- Ap, is infini- 
tesimal and A0 is infinitesimal. 

The area between the first curve and the envelope is then 

^\ P^dJ9\ or, since we can take PP'A'Ä just as well for our 

^^ ^2 TT 

elementary area, i | {c — pydO. 




Hence 



whence 



^2 TT >,27r 

••2 TT 

2cj pde=:2€^'!r. 



pd6 = irc. (1) 

The area between the second curve and the envelope is 
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The area between the first curve and the second is then 



/.2^ 



•d9 



by (1), 



= 7r5c — Ö*7r 

A = 7ra6, (2) 

which is the area of an ellipse of which a and b are semi-axes. 



Q. E. D. 



EXAMPLES. 



(1) If a line of fixed length move with its extremities on two 
lines at right anglcs with each other, the area of the locus of a 
given point of the Hne is that of an ellipse on the segments of 
the line as semi-axes. 

(2) The result of (1) holds even when the fixed lines are not 
perpendicular. 



Areas by Double Integration. 

125. If we choose to regard x and y as independent variables, 

we can find the area bounded by two 
given curves, y = ßc and y = Fx^ 
by a double Integration. Suppose 
the area in question divided into 
slices b}' lines drawn parallel to the 
axis of F, and these slices subdi- 
vided into parallelogi'ams by lines 
drawn parallel to the axis of X. 
The area of any one of the sraall 
parallelograms is AyAit*. If we 
keep X constant, and take the sum 
of these rectangles from y=fxto y = Fx, we shall get a result 
differing from the area of the corresponding slice by less than 



o 
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2 ^xAy^ which is infinitesimal of the second order if Ax and Ay 
are of the first order. 



Hence 



Ax.dy = Axidy 

/x Jfic 



is the area of the slice in question. If now we take the limit of 
the sum of all these slices, choosing our initial and final values 
of a;, so that we shall include the whole area, we shall get the 
area required. 

Hence -4 = j Y ldy\dx. 

In writing a double integral, the parentheses are usuall}'^ omit- 
ted for the sake of conciseness, and this formula is glven as 



A = ) ' fdydx, 



the order in which the integrations are to be performed being the 
same as if the parentheses were actually written. 

If we begin by keeping y constant, and integrating with respect 
to o;, we shall get the area of a slice formed b}' lines parallel to 
the axis of X, and we shall have to take the limit of the sum of 
these slices varying y in such a way as to include the whole area 
desired. In that case we should use the formula 

-4=1 I dccdy. 

126. For example, let us find the area bounded by the para- 
bolas y^ = 4 ax and x^ = 4ay. 

The parabolas intersect at the origin and at the point (4 a, 4 a). 







4a 



4a 



dy = V4aaj ; 

ar» 4 a 



4a 



4a 

The second formula gives the same result. 
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EXAMPLES. 

(1) Find the area of a rectangle by double integration ; of a 
parallelc^am ; of a triai^le. 

(2) Find the area betwe.en tho parabola y' = ax and the circle 
y'=2ax — 3^. 



Ana. 2i 



(f-f) 



(3) Find the whole area of the curve (y — mx — c)' = a' — ai*. 
Ans. va?. 



127. If we use polai 
by double integration. 



coordinates we can atill find our areas 



l,et r=f<t> and r = F^ 
be two eurves. Divide tlae 
area between them into 
BÜces bj' drawing radii 
vectores ; theo subdivide 
these slices by drawing 
arc9 of cireles, with the 
origin as centre. 

Let P, with coördinatea 
r and <fi, be anj- point 
within the space wbose 
area Is sought. The ciin'ilinear rectangle at P has the base rAij> 
and the altitude Ar ; its area differs from rA^Ar hy an infinitesi- 
mal of higher order than rA<fiAr- 

i of any sliee as aba'b' is | r^-^r, ^ and A-f being 

constant, tiiat is A.^ | rdr. The whole area, the limit of the 
^•.F'P 

(1) 



The 3 



1 of such 



A.^ I rd 
slicea is j1 = 1 I rdrd-tt. 



Or we may first sum our rectangles 
and we get as the area of efe'f 



keeping r unchanged, 



\r I d^, and ^ = I | rd<l>dr. 



(2) 
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For example, the area between two concentric circles, r=ia 
and r = &, is 



,2 TT 



27r •»a 



^==1 \Tdf^dr=:^\ lrdrd<l>==w{a^-V). 



Again, let us find the area between two 
tangcnt circles and a diameter through the 
point of contact. 

Let a and b be the two radii, 

?'=2acos<^ (1) 

and r = 2 6 cos <^ (2) 

are the equations of the two circles. 




TT 



I ( rdrd<i> = 2(0^ - V) | cos^ <^d<^ = ^ (a* - ö«) . 

»/26CO8 «/O 2 





If we wish to reverse the order of our integi'ations we must 
break our area into two parts b}' an arc described from the origiu 
as a centre, and witli 2ö as a radiiis ; then we have 



2a jcos-iö^ 



A = 



I I rd<l>dr + | | rdif^dr 

cos- ^25 



=i 



2b f «. «. 

r[ cos~*r cos"'~ 

2a 2b, 



J/%2a f. 

rcos"^r-dr 
2b 2a 



TT 



= |(a»-&«). 



Example. 

Find the area between the axis of X and two coils of the 
Spiral r = a<^. 
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CHAPTER XI. 

AREAS OF SURFACES. 

Surfaces of Revolution. 

128. If a plane curve y =fx revolves about the axis of X, the 
area of the surface generated is the Hmit of the sum of the areas 

generated by the chords of tlic infinitesimal 

— arcs into which the whole arc nia}' be broken 
^y up. Each of these chords will generate the 

surface of the frustum of a cone of revolii- 
tion if it revolves completel}* around the 
axis ; and the area of the surface of a fnis- 

tum of a cone of revolutiou is, bv dement- 

arv Geometry, one-half the sum of the cir- 

cumferences of the bases multiplied by the slant height. The 
frustum generated b}' the chord in the figin^e will have an area 
differing by infinitesimals of higher order from 7r(y -^y -\- Ay)^s 
or from 2 iryds. The ai*ea generated by any given arc is tlien 



S 



= 27rCyds. [1] 

•An 



If the arc revolves through an angle instead of making a 
complete revolution, the surface generated is 



S 



= 6 i yds. [2] 

•An 



EXAMPLE. 

Show that if the arc revolves about the axis of Y, 

aS = 27r j xds. 

•A. 
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129. To find the area of a cylinder of revolution. 

Take the axis of the cj'lirider as the axis of X. Let a be the 
altitude and h the radius of the base of the 
cylinder. The equation of the revolving 
line is 



dy 
ds 

S 



= 0, 



-^da? 4- d/ = dx ; 
2 TT I ydx = 2 Traft, 




or the product of the altitude by the eireumference of the base. 
Again, let us find the surface of a zone. 
The equation of the generating cirele is 

«2 _|_ ^ _ f(2 . 

adx 



ds 



y 



5 = 2 TT j adx = 2 aTr(Xi — x^) . 




If a^ = — a and x, = a, 



S:=^a^ir. 



Hence the surface of a zone is the altitude of the zone multi- 
plied by the eireumference of a great cirele, and the surface of a 
sphere is equal to the areas of four great circles. 

Again, take the surface generated by the revolution of a 
cycloid about its base. 



a; = aö — a sin ö ) 
y = a — a cosö J 



Ä = 



ds = adS V2 ( 1 - cos $) , by Art. 94 ; 

27r raV2.(l - cosö)^(?^ = -ö^Tra^ 
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EXAMPLES. 

(1) The area of the surface generated by the revolution of the 

ellipse ^ j. ^ = 1 

a* "^ b' 

about the axis of X is 2 irab NT^^ + ^Hlllf "j ; 



about the axis of F is 2-ira^ 
where e^= — . 



C-^^'-S) 



a* 



(2) Find the area of the surface generated b}' the revolution 
of the catenary about the axis of X ; about the axis of Y, 

(3) The whole surface generated by the revolution of the 
tractrix about its asymptote is Aira^. 

(4) The area generated b}' the revolution of a cycloid about 
its vertical axis is 8 7ra^(7r — J) . 

(5) The area generated b}' the revolution of a cycloid about 
the tangent at its Vertex is ^-ird^, 

130. If we know the area generated b}' the revolution of a 
curve about an}' axis, we can get the area generated by the 
revolution about an}' parallel axis b}: an eas}' transformation of 
coördinates. 

Given the surface generated by the arc from Sq to «i about 

OX, to find the area generated b}' 
the same arc when it revolves 
-x^ about O'X'. 

Let S be the surface about OX, 
and S' about O'X. 
We have 



o' 



Vo 



S = 2ir Cyds, Ä'= 2 TT CyW. 



^a^dka^irfaAKH 
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By Anal. Geom., x = x\ 

Hence dx = dx\ dy = dy\ ds = ds\ 

and aS = 2 TT f(yo -\-y')ds = 2 7njo{si — So) + 27r fy^'dSy 

Therefore S' = S - 2 wy^is^ - So) . [1] 

Si — So is the length of the revolving curve ; 2 tt^o is the cir- 
cumference of a circle of wliich y^ is the raclius. Hence the new 
area is eqiial to the old area minus the area of a cylinder whose 
length is the length of the given arc and whose base is a circle 
of which the distance between the two lines is radius. 

In using tliis principle careful attention must be paid to the 
sign of yo, and it must be noted that the original formula 

/S = 2 TT j yds will alwa3's give a negative value for the area of 




the surface generated, if the revolving arc Starts from below the 
axis ; and hence, that the surface generated 
by the revolution of an}* curve about an 
axis of sj'mmetry will come out zero. 

As an example of the use of the princi- 
l)le, let US find the surface of a ring. 

Let a be the distance of the centre of 

the circle from the axis, and b the radius of 

the circle. Siuce the area generated by the 

rievolution of the circle about a diameter is zero, the required 

area is 

27rÖ.27ra = 47r*aÖ. 

Example. 

Find the area of the ring generated b}^ the revolution of a 
cycloid about any axis parallel to its base. 

Ans. S = Aab7r(Tr-\ -^ 
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131. If we use polar coördinates, 

becomes /S = 2 tt | r sin <j>.ds. 

where ds = Vd7^~+7^d^. 

For example ; let us find the area of the surface generated by 
the revolution of the upper half of a cardioide about the hori- 
zontal axls. 

?-=2a(l — cos<^) ; 

dr = 2asin<^.c^<^, 

ds^^8a\l-'C08<f>)d<f>^, 

/S = 27r I 4 V2a2(l- cos<^)*sin</».ci<^. 

EXAMPLES. 

(1) Find the surface of a sphere from the polar equation. 

(2) Find the surface of a paraboloid of revolution from the 
polar equation of the parabola 

m 



r = 



1 — cos <^ 

Any Surface. 

132. Let oj, y, z be the coördinates of any point P of the sur- 
face, and X -h Aa:, y + Ay, z-\- ^z the coördinates of a second 
point Q infinitely near the first. Draw planes through P and Q 
parallel to the planes of XF and YZ. Tliese planes will inter- 
cept a cuiTed quadrilateral PQ on the surface ; its projection pq^ 
a rectangle, on the plane of XZ ; and a parallelogram 2>'q' "ot 
shown in the figure on the tangent plane at P, of wliich pq is 
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the projection. PQ will differ from j/«/' by an infinitesimal of 
higher order, and therefore our reqiiired surface will be the limit 
of the sum of the parallelograms of which p'q* is any one. 

Y 




If ß is the angle the tangent plane at P makes with XZ, 
p'q' cos ß = 2yq or p'q^:=2)qsecß, = ^x^zsecß<, and <r, our sur- 
face required, is equal to the double integral <r = j 1 sec ßdxdz 
taken between limits so chosen as to embrace the whole aurface. 

The equation of the tangent plane is 

{x-x,)D:cJ-\-{y-yo)DyJ'\'{z^z,)D^f^O, byl. Art. 217, 

(iCo,yoi2b) Standing for the coördinates of the point of contact, 
and f{x^y^z) = being the equation of the surface. 

The direction cosines of the perpendicular from the origin upon 
the plane are 



COSa = 



C08Ä= ^^"^ , 

DzJ 

COS "V "^ — ■ , 

by Anal. Geom. of Three Dimcnsions. 
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Hence, dropping the accents, 

By considering the projections upon the other coöixiinate planes 
we shall find 

, ^ J J V (Z>,/)' + W Y + (Djygy^ . (-23 

In each of the formulas the derivatives are partial derivatives. 
Let US find the area of the portion of the suiiace of the sphere 

ie* + y* + »* = «* 
intercepted b^' the three coördinate planes. 

D,f= 2y, 
D.f= 2«, 

y/{D,fy + (D,fy+(Djy = 2a. 

cr= rC-dydz; (1) 



.-^as-a;» 



or 



'^^X'Xi'^' <2> 



Va«_y* 



or 



= r fUxdy. (3) 



For, in the second one, which agrees best with the figiire, we 
must take our limits so that the lirait of the sum of the projec- 
tions may be the quadrant in which the sphere is cut by the 
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plane XZ ; and the equation of this section is obtained by letting 
y = in the equation of the sphere, and is 

whenee z = Va^ — a^, 

If we take as our limits in the integral 1 - dz zero and Va^— ar' 

-^ y 

we shall get the area whose projeetion is a strip running from 
the axis of Z to the curve ; then, taking j ( ) - f?2; ] dx from to 

a, we shall get the area whose projeetion is the sum of all these 
Strips, and that is our required surface. 

y = Va* — aj^ — «*, 



^rt*-x» 



/ 



_ ^ r« r dzdx . 

Jo Jo ^J(f2 _ aj2 _ <j2 ' 



dz 



Va^ — y? — '^ 



= sm 



-1 



Va*'* — y? 



if we regard x as constant ; 



i 






^^cj? ^y? — z 



TT 



r"7r , Tra* 
<r = al -aa; = — , 

Jo 2 2 

the required area. Formulas (1) and (3) give the same result. 

133. Suppose two c^linders of revolution drawn tangent to 
eaeh other, and perpendicular to the plane of a great circle of a 

sphere, each having the radius of the 
great circle as a diameter ; required the 
surface of the sphere not included by 
the cylinders. 

The surface required is eight times 
the surface of which the shaded portion 
of the figure is the projeetion. 

If we take the plane of the great 
circle as the plane of X Y", 
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oj^ — aa; + ^ = 

is the equation of the cylinder, and 

Q^ -\- y^ + z^ ^ a^ 
of the spliere. 

We have .^ « • ^(^7F+(Ä7FT(I)jr 



(1) 



(2) 



=//- 



From (2) 



DJ 
DJ=2x, 

D,f= 2y, 

D.f=2z; 

{Djy+ {D,fr+iD.fy = Aa*. 

dydx 



dydx. 



n ra r* r* ayax 



Our limits of Integration for y are ^ax — oi^ and Va^ — aj^; for 
X are and a, 

"^^^^dydx 



"^Jo J Va^ - ar^ - 2^ 



>^ax^afl 



^2^_dy__ 
J Va^ ■— ^ -' 



= sin"^ 



.y 



2/^ 



Va*- 



x^ 



^as-ar« 



= sm '\/ 

2 ^a + x 



"^ax-xl^ 



To find (sin'^x — ^ — cia? we must integrate b}' parts. 



Let 
and 



• -1 I ^ 
w = sin *-v , 

dv = dx ; 



v = a;, 
c?w = — \\-^dx ; 



(a + x) 

fsin-\|lil.dx ==x sin- JIZl«:^ C^^,dx. 
J \a + x \a+x 2»/a+x 
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Let 10 = ^a? ; 2 wdio = dx 

/Jx,dx „ rtü^dw ^ r/- « \, 

*/ ff -h ä: \ V^/ 

Jl sin'^-vl da; 

= a8in * h«tan U — a = a = a, 

2 4 4 2 ' 

V2 2 ; 

So- = 8a^ is the whole surface in question. 

EXAMPLES. 

(1) Find the area included b}- the eylinders described in Art. 
133 b}' direct integration. 

(2) A Square hole is eut through a sphere, the axis of the 
hole coineiding with a diameter of the sphere ; find the area of 
the surface removed. 

(3) A e3'linder is construeted on a single loop of the curve 
r == a cos «ö, having its generating Unes perpendicular to tlie 
plane of this curve ; deterraine the area of the portion of the 
surface of the sphere x^ -^ y^ -\- z^ = a^ which the cylinder inter- 

«^P*«- Ans. ^g-l)- 

(4) The centre of a regulär hexagon moves along a diameter 
of a given circle (radUis = a) , the plane of the hexagon being 
perpendicular to this diameter, and its magnitude var3ing in 
such a manner that one of its diagonals always coincides with 
a chord of the circle ; find the surface generated. 

Ans, a2(27rH-3V3). 
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CHAPTER XII. 

VOLÜMES. 

Single Integration, 

134. If sections of a solid are made by parallel planes, and a 
set of ey linders drawn, each liaving for its base one of the sec- 
tions, and for its altitude the distance between two adjacent 
eutting planes, the limit of the sum of the volumes of these 
c^'hnders, as the distance between the sections is indefinitely 
decreased, is the volunie of the solid. 

We shall take as established by Geometn' the fact that the 
volurae of a C3*linder or prisni is the product of the arca of its 
base b}' its altitude. 

It follows from what has just been said, that if, in a given 

solid, all of a set of parallel sections are equal, the volume of 

the solid is its base b}' its altitude, no matter how irregulär its 

form. 

Let US find the volume of a pjTamid having b 

for the area of its base, and a for its altitude. 

Divide the pyramid by planes parallel to the 
base, and let z be the area of a section at tlie dis- 
tance X from the Vertex. 

We know from Geometry that - = -^. 




b a' 



Hence z^^^,?. 

a^ 



Let the distance between two adjacent sections be dx ; then 
the volume of the C3'linder on z is 

and V, the required volume of the p3Tamld, is 

V-- C^dx-^ 
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Precisely the same reasoning applies to any cone, which will 
therefore have for its volume one-third the product of its base 
by its altitude. 

EXAMPLE. 

Find the volume of the frustum of a pyramid or of a cone. 



135. If a line move keeping always parallel to a given plane, 
and touching a plane eurvc and a straight line parallel to the 
plane of the cuiTe, the surface generated is called a conoid, 
Let US find the volume of a conokl when the director line and 
eurve are perpendicular to the 'given plane. 

Divide the conoid into laminae by 
planes parallel to the fixed plane. 

Let Ay be the distance between 

two adjacent sections, and let x be 

the length of the line in which any 

>v section cuts the base of the conoid ; 

let a be the altitude and b the area 

of the base of the figure. Any one of our elementary cylinders 

will have for its volume i^ax^y^ since the area of its triangulär 

base is ^ax, and we have V=iü j xdy, the limits of Integra- 
tion being so taken as to embrace the whole sohd. 1 xdy be- 
tween the limits in question is the area of the base of the co- 
noid ; hence its volume, 

V=:iab. 

EXAMPLES. 

( 1 ) Find the volume of a conoid when the director line and 
curve are not perpendicular to the given plane. 

(2) A woodman felis a tree 2 feet in diameter, cutting half- 
way through from each side. The lower face of each cut is 
horizontal, and the upper face makes an angle of 45° with the 
horizontal. How much wood does he cut out? 
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136. To find the volumo of an ellipsoid. 

^ + ■^ + ^ = 1. 

« 

Take the cutting i>lanes parallel to the plane of XY, A sec- 
tion at the clistanee z IVom the origin will have 

^j_2^ — 1— ^ — ^ ^^ 
er (r er er 

n h 

for its equation, and 7 Vcr* — z^ and - Vc^ — 7^ for its semi-axes ; 

c 1 c 

lience its area will bc ^^(c^ — 2'). 

An}* of the elementaiy cylinders will have for its volume 

^^(c* — 2;^)A3;, and we shall have for the whole solid 

er 

V= i Trabe. 
If a, &, and c are equal, tlic ellipsoid is a sphere, and 

EXAMPLES. 

(1) Find the volume included between an hj'perboloid of one 

sheet 

<> 9 2 

a' ^V' c^ ' 
nnd its asj'mptotic eone 

a^ 1/ (^ 
Ans. It is equal to a C3'linder of the same altitude as the 
solid in question, and having for a base the section made by the 
plane of XF. 



(2) Find the whole volume of the solid boundcd by the surface 

a^ Ir c^ 



?. + f.+r. = l- Ans. «^^ 
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(3) Find the volume cut from the surface 

- + \ = 2x 

C 

r 

by a plane parallel to the plane of ( YZ) at a distance a from it. 

Ans, Trd^^ihc), 

(4) Find the whole volume of the solid bounded by 

(a^ + y* + 2-)*= 27 a^ajj^^. Ans. ^a\ 

(5) The centre of a regulär hexagon moves along a diameter 
of a given eircle (radius = a) , the plane of the hexagon being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals alwaj's coincides with 
a ehord of the eircle ; find the volume generated. 

Ans. 2>/3.a^ 

(ß) A eircle (radius = a) moves with its centre on the cir- 

cumference of an equal eircle, and keeps parallel to a given 

plane which is perpendicular to the plane of the given eircle ; 

find the volume of the solid it will generate. « _3 

Ans. f^(37r + 8). 



Solids of Revolution . Single Integration. 

137. If a solid is generated by the revolution of a plane curve 
y = fx about the axis of ar, sections made b}- planes perpendicu- 
lar to the axis are circles. The area of any such eircle is iry^^ 
the volume of the elementary cylinder is tt^^Ax, and 



• 

F = 



== TT j y-dx 



is the volume of the solid generated. 

For example ; let us find the volume of the solid generated by 
the revolution of one brauch of the tractrix about the axis of X. 
Here we must integrate from x* = to x* = x . 



y^dx. 
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We have da: = - ^^'""^'^^ dy Art. 91 [2] 

y 

in the case of the tractrix ; 

hence F= — tt I y{a^ — y^)^dy, 

When o; = 0, y = a, and when o? = x, ^ = 0. 



Therefore V= — 'jr Cy(a^ -f)^dy = 



rra^ 



EXAMPLES. 

(1) If the plane curve revolves about the axis of Y, 

F=7rrVc?2/. 

(2) The volume of a sphere is ^Tra^. 

(3) The vohime of the solid formed b}- the revolution of a 
cvcloid about its base is OTr^a^. 

(4) Tiie curve y^{2a — x) = x^ revolves about its as^'mptote ; 
show that the volume generated is 27r^(/.^. 

Solids of Revolution, Double Integration, 

138. If we suppose the area of the revolving curve broken up 
into mfinitesimal rectangles as in Art. 125, the dement Ax^y 
at an}' point P, whose coördinates are x and y, will generate 
a ring the volume of which will differ from 2'iryAxAy hy an 
amount which will be an infinitesimal of higher order than the 
second if we regard Ax and Ay as of the first order. For 
the ring in question is obviously gi^eater than a prism having 
the sarae cross-section AxAy, and having an altitude equal to the 
inner circumference 27ry of the ring, and is less than a prism 
having AicAy for its base and 2 ir ('y -\- Ay) ^ the outer circumfer- 
ence of the ring, for its altitude ; but these two prisms differ by 
2irAx{Ayf^ which is of the third order. 
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f%y 



Ax i 2 irydy^ where the upper limit of integi'ation is the Ordi- 
nate of the point of the curve immediately above P, and must be 
expressed in terms of x by the aid of the equation of the revolv- 
ing curve, will give us the elementary cylinder iised in Art. 137. 

The wliole volume required will be the limit of the sum of 
these cylinders ; that is, 

V=^2'jrf'' Cydydx. [1] 

If the figure revolved is boiinded by two curves, the required 
volume can be found by the forraula just obtained, if the limits 
of Integration are suitably cliosen. 

Let US eonsider tlie following example : 

A paraboloid of revolution has its axis coincident with the 
diameter of a sphere, and its Vertex in the surface of the sphere ; 
required the volume between the two surfaces. 

Let y^=2mx (1) 

be the parabola, and ä^ ■+■ y^ — 2 ax = (2) 

be the cirele, which form the paraboloid and the sphere b}' their 
revolution. The abscissas of their points of intersection are 
and 2(a — m). 

We have V=2irj j ydydx, 

and, in performing our first Integration, our limits must be the 
values of y obtained from equations (1) and (2). 

We get F= TT r [2(a — 'm)x — x^^dx, 

and here our limits of integration are and 2(a — m). 

Hence F= J7r(a — 77i)^ = ---, 

6 

if h is the altitude of the solid in question. 

EXAMPLES. 

(1) A cone of revolution and a paraboloid of revolution have 
the same vertex and the same base ; required the volume be- 
tween them. ^^ -TTmll ^^^^ j^ .^ ^^^ altitude of the cone. 

3 
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(2) Find the volume included between a right cone, whose 
vertical angle is 60°, and a sphere of given radius touching it 
along a circle. ^^^ ^ 

6 ' 

Solids of Revolution. Polar Formula. 

139. If we use polar coördinates, and suppose the revolving 
area broken up, as in Art. 127, into elements of whieh rd<l>dr 
is the one at an}' point P whose coördinates are r and <^, the 
Clement rd<l>dr will generate a ring whose volume will differ 
from 2 ttt^ sin ^d<fidr hy an infinitesimal of higher order than the 
second, if we regard d<f> and dr as of the first order ; for it will 
be less than a prism having for its base rd<f>dr^ and for its alti- 
tude 27r(r + c7r)sin(</)-f-d(^), and greater than a prism having 
the same base and the altitude 2 tt?* sin <t> ; and these pnsms 
differ by an amount which is infinitesimal of higher order than 
the second. 

We shall have then 

F= 27r r jVsin^^drd«^, [1] 

the limits being so taken as to bring in the whole of the gener- 
ating area. 

For example ; let us find the volume generated by the revolu- 
tion of a cardioide about its axis. 

r= 2a(l — cos<^) 
is the equation of the cardioide ; 



r = 2 TT r fr* sin <^rd<^. 



Our first integral must be taken between the limits r = and 
r=2a(l — cos<^), and is 

— (1 •— cos <^)^sin <t>d<f>, 

16 /'"' 
F=— a^Trl (1 — cos <^)' sin <^(2^, 

3 */o 
8 
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EXAMPLE. 

A right cone has its vertex on the surface of a sphere, and its 
axis coincident with the diameter of the sphere passing through 
that point ; find the volume common to the cone and the sphere. 



Volume of any Solid. TVipLe Integration. 

140. If we suppose our solid divided into parallel<»pipeds by 
planes parallel to the three coördinate planes, the elementary 




parallelopiped at any point (x,y,z) within the solid will have for 
its volume ^xAy/iz, or, if we regard x, y, and z as independent, 
dxdydz ; and the whole volume 



F= j j j dxdydz^ 



[1] 

the limits being so chosen as to embrace the whole solid. 

The integrations are independent, and may be performed in 
any order if the limits are suitably chosen. 

For example ; let us find the volume of the portion of the 
ellipsoid a^ ^ ^ 

a* ^ &2 -^ c2 
cut off by the coördinate planes. 
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F= I j j dzdydx^ 



and our limits are, for 2;, and c\\l ^ — -77; for v, and 

I ^ 

^aM 7? ^^^ ^^^ ^» ^ *^^ ^'* -^^^^^ starting at an}- point 

\ dr 

(x^y^z) and integrating on the h3'pothe8is that z alone varies, we 

get a üolumn of our elementaiy parallelopipeds having dxdy as a 

base and passing through the point (x^y^z). To make this col- 

umn reacli from the plane XF to the surface, z must incrcase 

from the vahie zero to the value belonging to the point on the 

surface of the elHpsoid which has the eoördiuates x and y ; that 

is, to tlie value c\ll — ^ — ^' Then, integrating on the h}-- 

pothesis that y alone varies, we shall suni, these eolumns and 
shall get a slice of the solid passing through (x^y^z) and having 
the thickness dx. To make this slice reaeh completel^- across 
the solid, we must let y increase from the value zero to the 
gi*eatest value it can have in the slice in question ; that is, to the 
value which is the oi-dinate of that point of the section of the 
ellipsoid b}' the plane XF which has the abscissaa;. The section 
in question has the equation 






therefore the required value of y is b 



nFI- 



Last, in integrating on the h3'pothesis that x alone varies, we 
must choose our limits so as to include all the slices just de- 
ßcribed, and must increase x from zero to a. 



between the limits and c^ 






Chap. XII.] 



VOLUMES. 



187 



=/>R-l-''y 



■"4 V < 



between the limits and b 






the volume required. 



EXAMPLES. 



(1) Find the vohimc obtaüied in the present artiele, perform- 
ing the integi*ations in the order indicated bj' the formula, 



V =CCCdxdydz. 



(2) Find the volume eut off from the surface 

c b 

b}' a plane parallel to that of FZ, at a distance a from it. 

Ans. ira^'^l {hc), 

(3) Find the volume enclosed b}' the surfaces, 

a?-\-f=^cz, x^ + f = ax, z = 0. ^^^^^ Sxa* 

32c* 

(4) Obtain the volume bounded b}- the surface 



and the planes 



z = a — v?4-l^ 
x = z and x = 0. 



Ans. 



2a= 
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5. Find the volume of the conoid bounded by the surface 
^ + ^ = 0« and the planes . = and . = a. A.u>. ^. 



141. If we use polar coördinates we can take as our element 

of volume 

r^ sin it>drdit>d9^ 

an expression easilj^ obtained from the element 2 wr^ sin ij)drd<f> 
used in Art. 139. 



Tlien V^CCCt^ sin ^rd^My 



where the order of the integrations is usuallj immaterial if the 
limits are properl}^ chosen. 

EXAMPLE. 

Find the volume of a sphere by polar coördinates. 



\ 
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CHAPTER XIII. 

CENTBBS OF GRAVITY. 

142. The moment of a force about an axia is tlie product of 
the magnitude of tlie force b^' the perpendieular distance of its 
line of direetion from the axis, and measures the tendenc}' of the 
force to produce rotation about the axis. 

The force exerted hy gravity on any material bodj' is propor- 
tional to the mass of the bod^-, and ma^' be measured hy the 
mass of the bod}'. 

The Centre of Gravity of a bod^' is a point so situated that the 
force of gravit}' produces no tendenc}' in the bod^' to rotate about 
an}' axis passing through this point. 

The subject of centres of gravit}- belongs to Mechanics, and 
we shall accept the deflnitions and principles just stated as data 
for raathematical work, without investigating the mechanical 
gi'ounds on which tliey rest. 

143. Suppose the points of a body referred to a set of three 
rectangulav axes fixcd in the body, and let x^y^z be the coördi- 
nates of the centre of gravity. Place 

the body with the axes of X and Z 

horizontal, and consider the tendency 

of the particles of the bod}' to produce 

rotation about an axis through (x^y^z) 

parallel to OZ, under the influence of 

gi'avit}*. Represent the mass of an 

clcmentary i)arallelopiped at an}- point 

(x^y^z) b}' dm, The force exerted b}^ 

gravit}' on dm is measured b}' cZwi, and 

its line of direetion is vertical. If the mass of dm were concen- 

trated at P^ the moment of the force exerted on dm about the 




i 
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axis through C would be (x — x)clm^ and this moment would 
represent the tendency of dm to rotate about the axis in ques- 
tion ; the tendency of the whole body to rotate about this axis 
would be 1(x — x)dm. If now we decrease dm indefinitely, the 
error committed in assuming that the mass of dm is eoncentrated 
at P deereases indefinitely, and we shall have as the true expres- 
sion for the tendency- of the whole body to rotate about the axis 

through C, I (a? — x)dm ; but this must be zero. 

Hence I (^ — ^)dm = 0, 

I xdm — xj dm = 0, 

I xdm 

x=< [1] 



/ 



dm 



If we place the bod}' so that the axes of T and X are hori- 
zontal, the same reasouing will give us 

I ydm 

y=V-; [2] 

and in like manner we can get 

izdm 

^ = 7^ [3] 

I dm 

Since 1 dm is the mass of the whole body, if we represent it 

by Mwe shall have >, 

I ocdm 



x = 



M 



I ydm 

y = -i , 

M 

I zdm 

M 
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EXAMPLE. 

Show that the effect of gravity in making a body tend to rotate 
any given axis is precisel^' the same as if the mass of the body 
were eoncentrated at its centre of gravity. 

144. The mass of any homogeneous bod}' is the prodiiet of 
its volume by its density'. If the body is not homogeneous, the 
density- at any [)oint will be a function of the position of that 
l>oint. Let iis represent it by k. Then we ma}' regard dm as 
equal to Kdv if cZi; is the element of volume, and wc shall have 

I XKdv 

x^^. — [1] 



/■ 



dv 



and coiresponding formulas for y and z, 

If the body eonsidered is homogeneous, k is constant, and we 
shall have 

I Qcdv I xdv 

I ydv i ydv 

I zdv I zdv 

2=*-^- — z=*l — r4-| 

In any particular problem we have onl}"" to express dv in 
terms of the coöixUnates. 

Plane Area. 

145. If we use rectangnlar coördinates, and are dealing with 
a plane area, where the weight is uniforml}'' distributed, we have 

dv = dA = dxdy, (Art. 1 25) . 



142 
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[Art. 145. 



Hencc, by 144, [2] and [3], 



I I xdxdy 
x=* *^ , 

j xydxdy 
i idxdy 



[1] 



If we use polar coördinates, 



dv = dA = rd<t>dr, 



and 



- ff' 



r cos c?<^(f)* 



y = 



I I rd<j>dr 
j I ?-^ sin f7<^d?' 



[2] 



For example ; let iis find the centre of gravity of the area be- 
tween the cissoid and its as^'mptote. From the equation of the 
cissoid 



f = 



ar= 



a — ic 



we see that the curve is S3'niraetrical with respect to the axis 
of X, passes through the origin, and has the line x = a as an 
as3'niptote. From the S3'mmetr3' of the area in question, y = 0^ 
and we need only find x. 



I I xdydx I xydx 
I I dydx I ydx 
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f- — ^dx ^a 1 — ^- — -dx 

r "■ dx r '^ dx 



x=i^a. 



As an example of the use of the polar formulas [2] , let us find 
the centre ofgravity of the cardioide 

r= 2a(l— -cos^). 

Here, from the fact that the axis of X is an axis of symmetr>', 
we know that ^ = 0. 

I r^ COS <l>drd(f> 
i I r* cos <f>d<f> — I ( 1 — cos <^)* cos <^cZ0 

/*2-T ^2 TT ' 

i 1 r^cZ^ 2aM (l-cos<^)2(Z</> 

(cos<^ — 3 QOs^<l> + 3 cos'<^— cos*<^)d0 = — J^TT ; 

J27r 
(1 — 2cos<^ + cos*<^ )cZ<^ = Sir. 

Hence ic = — j a. 



►2?r 



EXAMPLES. 

1. Show that foimulas [1] hold even when we use oblique 
coördmates. 

2. Find the centre of gravity of a segment of a parabola cut 
off by any chord. 

Ans, 5=^a, y = 0. If the axes are the tangent parallel 
to the chord and the diameter bisecting: the chord. 
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3. Find the centre of gravity of the area bounded b}* the semi- 
cubical parabola ay^ = o^ and a double ordinale. Ans, x = ^a;. 

'^ 4. Find the centre of gravit}' of a semi-ellipse, the biseeting 
line being any diameter. 

Ans. If the biseeting diameter is takcn as the axis of Y, and 

— 4a 
the conjugate diameter as the axis of X, x — — , y = 0. 

5. Find the centre of gravity of the curve y* = b'^^—^- 

X 

Ans. x = \a. 

6. Find the centre of gravit}' of the cycloid. 

Ans, x=:air, y=^a, 

7. Find the centre of gravity of the lemniscate r* = a- cos 2 0. 

Ans, x = a, 

8 

8. Find the centre of gi*avity of a circular sector. 

Ans, If we take the radius biseeting the sector as the axis 

of X, and represent the angle of the sector by 2a, ^ = f —^^ • 

a 

9. Find the centre of gravity of the segment of an ellipse cut 
off b}' a quadrantal chord. Ans, x = ^ 1 y = f -• 

TT ji TT 22 

10. Find the centre of gravit}' of a quadrant of the area of the 
curve a;i + yi = al. Ans, ä = y = ff|-. 

TT 

146. If we are dealing with a homogeneous solid formed by 
the revolution of a plane curve about the axis of X, we have 

dv = 2 irydydx, (Art. 138 [1 ] ) , 

Hence, by Art. 144[2], 

I I xydxdy 

^='^ [1] 

\{ ydxdy 
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If we use polar coördinates, 

dv = 2 7^-2 sin ^drd0. (Art. 139 [1] ) 

I j r^ sin cos <j>drd<f> 
Hence 5==^^-^-— [2] 



j j ?•* sin <fidrd<j> 



For example ; let us find the centre of graviU' of a liemispherc. 
Tiie equation of tlie revolving ciirve is x^ -f- y^ = ct^« 



If we use polar coördinates the equation of the revolving curve 
is r = a, 

I I »-^ sin cos <^d<^d>* 

Here x=^^!^^ = i^ = ia. 

I I r sin <l>d<f>dr 



EXAMPLES. 

1 . Find the centre of gravity of the solid formed by the revolu- 
tion of the sector of a circle about one of its extreme radii. 

Ans. äj = |a cos^| jÖ, where ß is the angle of the sector. 

2. Find the centre of gravity of the segment of a paraboloid 
of revolution cut off by a plane perpendicular to the axis. 

Alis, ^ = |a, where a? = a is the plane. 

3. Find the centre of gravity of the solid formed h}- scooping 
out a cone from a given paraboloid of revolution, the bases of 
the two volumes being coincident as well as their vertices. 

Ans, The centre of gravit}' bisects the axis. 
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4. A carclioide is made to revolve about its axis ; find the 
centre of gravit}' of the solid generated. Ana. 55 = — §a. 

5. Obtain formulas for the centre of gravitj of any homo- 
geneous solid. 

6. Find the centre of gravity of the solid bounded b}' the 
surface z^z=zxy and the five planes »=0, y=0, 2=0, x=a^ y=^- 

Ans. ic=|a, T/=J6, z = -^^aW. 

147. If we are dealing with the arc of a plane curve, the 
formulas of Art. 144 reduce to 



1 xds 
fcls 
I ycls 



EXAMPLES. 

1. Find the centre of gi'avit}' of an arc of a circle, taking the 
diameter bisecting the arc as the axis of X and the centre as the 

origin. Ans. x = — , where c is the chord of the arc. 

s 

2. Find the centre of gravitj' of the arc of the curve aji-f-y*=a* 
between two successive cusps. Ans. x = y = ^a. 

3. Find the centre of gravit}' of the arc of a semi-cycloid. 

Alis. x = (7r — |)a, y = — Ja. 

4. Find the centre of gravit}' of the arc of a catenar^' cut off 
by any double ordinate. 

f l/JJ _1- ^M 

Ans. 5C = 0, 2^ = ' '^ ^ where 2 s is the length of the arc. 

^ s 

5. Obtain formulas for the centre of gravity of a surface of 
revolution, the weight being uniforml^' distributed over the 
surface. 
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6. Find the centre of gravit}' of any zone of a sphere. 

Ans. The centre of gravity biseets the line joining the centres 
of the bases of the zone. 

7. A cardioide revolves aboiit its axis ; find the centre of 
gravit}' of the surface generated. Ans, ä = — V^^ o. 

8. Find the centre of gravit}' of the surface of a hemisphere 
wlien the density at each point of the surface varies as its per- 
pendicular distance from the base of the hemisphere. 

Ans, S = fa. 

9. Find the centre of gravit}' of a quadrant of a circle, the 
density at any point of wliich varies as tlie ntJi power of its 
distance from tlie centre. ^„, ^ __ -r _. ^^ +2 2a 

* 71+3* TT ' 

10. Find the centre of gi'avity of a hemisphere, the density 
of which varies as the distance from the centre of the sphere. 

Ans, x= f a. 

Propeiiies of Guldin, 

148. I. If a plane area revolve about an axis extenial to 
itself through an^' assigned angle, the volume of the solid gene- 
rated will be equal to a prism whose base is the revolving area 
and whose altitude is the length of the path described b}' the 
centre of gravit}^ of the area. 

11. If the arc of a plane curv^c revolve about an external axis 
in its own plane through any assigned angle, the area of the 
surface generated will be equal to that of a rectangle, one side 
of which IS the length of the revolving curve, and the other the 
length of the path described b}' its centre of gravity. 

First ; let the area in question revolve about the axis of X 
through an angle 0. The oixlinate of the centre of gravit}' of 
the area m question is 

I I ydxdy 

y=^ . byArt. 145[1]. 

J J dxdy 
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The length of the path described by the centre of gravity 

r [ydxdy 

I I dxdy 
The volume generated is 

F= eCCydxdy, by Art. 138. 

Hence F=y© j j dxdy. 

But I I dxdy is the revolving area, and the first theorem is 

established. 

We leave the proof of the second theorem to the Student. 

EXAMPLES. 

1 . Find the surface and volume of a sphere, regarding it as 
generated b}' the revolution of a semicircle. 

2. Find the surface and vohime of the solid generated by the 
revolution of a c^'cloid about its base. 

3. Find the volume and the surface of the ring generated b}' 
the revolution of a circie about an external axis. 

Ans, F=27rV6, S = A7rhtb, where b is the distance of 
the centre of the circie from the axis. 

4. Find the volume of the ring generated b}' the revolution of 
an ellipse about an external axis. 

Ans, F=27r*a6c, where c is the distance of the centre of the 
ellipse from the axis. 
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CHAPTER XIV. 

MEAN VALUE AND PROBABILITY. 

149. The application of the Integral Calculus to questions 
in Mean Value and Probability is a matter of decided interest ; 
but lack of Space will prevent our doing more than solving a 
few Problems in illustration of some of the simplest of the raeth- 
ods and devices ordinarily emplo3'ed. A füll and admirable 
treatment of the subject is given in " Williamson's Integral 
Calcuhis" (London: Longmans, Green, & Co.) ; and numer- 
ous interesting problems are published with their Solutions in 
''The Mathematical Visitor," a magazine edited by Artemas 
Martin, Erie, Pa. 

150. The mean of n quantities is their sunt divided b}'^ their 
number. If we are Unding the mecm value of a continuously- 
var\'ing quantity, we have to consider an infinite number of 
values, and, of course, an infinite sum as well ; a little ingenuity 
will enable us to throw the ratio of the sum to the number into 
a form to which we can appl}^ the Integral Calculus. 

(a) Let US find the mean distance of all the points on the 
eircumference of a circle from a given point on the circumfer- 
ence. 

If we take the given point as origin, the distances whose 
mean is required are the radii vectores of points uniformly dis- 
tributed along tlie eircumference of the circle. 

Let the distance between any two adjacent points be ds ; then 

27r(X 

n, the number of points considered, is equal to , if a is the 

ds 
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radius of the circle ; and if r is the radius vector of any point of 
tlie circuinference, and M the mean value required, 

j^_ Sr _ ^rds 
2 Tra "" 2 ira 



ds 



ibr any finite value of ds. In the actual case ander considera- 
tion, 

I 7'd8 



M = 



27ra 



The polar equation of the ekele is 

r = 2 a cos ^ ; 
ds = 2 ad<^, 

K 
2 



M=—C 4a^ cos <l>d<l> = — , 
27ra«/-5^ TT 



the required mean value, 

(6) Let US find the mean distance of points on the surface 
of a circle from a fixed point on the circumference. 
Using the same notation as before, we shall have 



n = 



ITC? 

rd^dr 



r and ^, the polar coördinates of any point of the surface, being 
independent variables. 

2r ^7^drd<l> 



M = 



itO? ira^ 



rdrd(f> 

z 

the required raean value. 



TraV.üJo 9 TT 
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(c) As an example of a device often employed, we shall now 
solve the problem, To find the mean distauce between two points 
within a given circle. 

If M be the required mean, the sum of the whole number of 
cases can be represented by (in^YM^ r being the radius of the 
circle ; since for each position of the first point the number of 
positions of the second point is proportional to the area of the 
circle, and may be measured by that area ; and as the number 
of possible positions of tlie first point ma}' also be measured 
by the area of the circle, the whole number of cases to be con- 
sidered is represented b}' the Square of the area ; and the sum 
of all the distances to be considered must be the product of the 
mean distance b}' the number. 

Let US see what change will be produced in this sum by in- 
creasing r by the infinitesimal dr ; that is, let us find d{-n^i^M), 

If the first point is anywhere on the annuhis 2 wi\dr^ which we 
have just added, its mean distance from the other points of the 

circle is , by (6). 

Ott 

Therefore, the sum of the new distances to be considered, 
if the first point is on the annulus, is ,irt^,2irrdr\ but the 

Ott 

second point may be on the annulus, instead of the first ; so that 
to get the sum of all the new cases brought in by increasing 
r by dVy we must double the value just obtaiued. 

Hence c? (^r^j^Jf ) = ^^ irr^dr. 



45 



IT 



151. In solving questions in Probability^ we shall assume 
that the student is familiär with the Clements of the theory as 
given in " Todhunter's Algebra." 

(a) A man starts from the bank of a straight river, and 
walks tili noon in a random direction ; he then turns and walks 
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in another random direction ; what is the probability that he will 
reach the river by night? 

Let be the angle his first course makes with the river. If 
the angle through which he turns at noon is less than tt — 2 ö, 
he will reach the river b}' night. For any given value of ö, 

then, th^ required probabilitj' is ^^-^ — . The probability that 

shall lie between any given value Oq and Oi^-i-dß is — . 

The Chance that his first course shall make an angle with the 
river between Oq and Oq -h clO^ and that he shall get back, is 

2 TT -J-TT TT* 



TT 



As is equally likel}' to have any value between and—, the 
required probabilit}', 



•/a fr 



(b) A floor is ruled with equidistant straight lines ; a rod, 
shorter than the distance between the lines, is thrown at ran- 
dom on the floor ; to find the chance of its- falling on oue of the 
lines. 

Let X be the distance of the centre of the rod from the nearest 
line ; the inclination of the rod to a perpendicular to the paral- 
lels passing through the centre of the rod ; 2 a the common dis- 
tance of the parallels ; 2 c the length of the rod. 

In Order that the rod may cross a line, we must have 
ccosO > x; the chance of this for an}' given value Xq of x is 

COS * " 



^"^ ^ dx 

The probability that x will have the value Xq is ^. The 

probability required is 



2 C" ^1^ 2 c 

ö = — I cos '-dx= — 

7ra«/() C 7ra 



This problem ma^' be solved by another method which pos- 
sesses considerable interest. 



j dQsdO = 7ra. 



I )dxde = 2c. 
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Since all values of x from to re, and all values of from — - 
to - are equall}' probable, the whole number of cases that can 
arise may be represented by 

The number of favorable cases will be represented by 

»irr /»ccosö 

Hence » = — • 

Tra 

(c) To find the probability that the distance of two stars, 
taken at random in the northern hemisphere, shall exeeed 90®. 

Let a be the latitude of the first star. With the star as a 
pole, describe an arc of a great circle, dividing the hemisphere 
into two lunes ; the probabilit}' that the distance of the sec- 
ond star from the first will exeeed 90** is the ratio of the lune 
not containing the first star to the hemisphere, and is eqiial 

to SlJLH^, The probability that the latitude of the first star 

TT 

will be between a and o.'\-da. is the ratio of the area of the 
Zone, whose bounding circles have the latitudes a and a-f da 
respectivel}', to the area of the hemisphere, and is 

2 irC? cos a da , 
; =r cos a Ott. 

2 ird^ 

TT 



TT r^(i'r-a) , 1 

Hence p= I ^ icosaaa = - 

J{i TC - TT 



(d) A random straight line meets a closed convex curve ; 
what is the probabilitj' that it will meet a second closed convex 
cui've within the firat? 

If an infinite number of random lines be drawn in a plane, all 
directions are equally probable ; and lines having any given 
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direction will be disposed witli equal frequenc}' all over the 
plane. If we determine a line by its distance p from the origin, 
and by the angle a which p mukes with the axis of X, we can get 
all the lines to be considered by making p and a var}' between 
suitable limits by equal infinitesimal increments. 

In our problem, the whole number of lines meeting the exter- 

nal eurve can be represented by 1 1 dpcla. If the origin is 

within the curve, the limits for p must be zero, and the perpen- 
dicular distance from the origin to a tangent to the cun^e ; and 
for a must be zero and 2w. If we 'call this number N, we 
shall have 

[jpfZa, 



p being now the perpendicular from the origin to the tangent. 

If we regard the distance from a given point of any closed 
convex curve along the curve to the point of contact of a tan- 
gent, and then along the tangent to the foot of the perpendicu- 
lar let fall upon it from the origin, as a function of the a used 
above, its differential is easil}' seen to be pda, If we sum these 
differentials from a = to a=27r, we shall get the perimeter 
of the given curs'e. 

Hence N= lpda=^L, 

where L is the perimeter of the curve in question. By the same 
reasoning, we can see that n, the number of the random lines 
which mect the inner curve, is equal to l, its perimeter. For p, 
the required probability, we shall have 

l 

EXAMPLES. 

(1) A number n is divided at random into two parts ; find the 

mean value of their product. j^^^. ^ 

G* 
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(2) Find the mean value of the ordinates of a semicircle, siip- 

posing the series of ordinates taken equidistant. j^^^g ^^ 

* 4 

(3) Find the mean value of the ordinates of a semicircle, sup- 
posing the ordinates drawn through equidistant points on the 
circumference. j 2a. 

TT 

(4) Find the mean values of the roots of the quadratic 
0^ — ax-i-b = 0y the roots being known to be real, but b being 
unknown but positive. j öa , a 

6 ^^ 6* 

(5) Prove that the mean of the radii vectores of an ellipse, thö 
focus being the origin, is equal to half the minor axis when they 
are drawn at equal angular intervals, and is equal to half the 
major axis when the}' are drawn so that the abscissas of their 
extremities increase uniformlv. 

(6) Suppose a straight line divided at random into three 
parts ; find the mean value of their product. ^ «^ 

^^' 60* 

(7) Find the mean Square of the distance of a point within a 

given Square (side = 2o) from the centre of the Square. 

Ans, f a^ 

(8) A slab is sawed at random from a round log, find its 

mean thickness. . 4 a 

Alis, — 

3:7 

(9) A chord is drawn joining two points taken at random on 

a circle ; find the mean area of the less of the two segments into 

which it divides the circle. . ira^ (r 

Alts, 

4 T 

(10) Find the mean latitude of all places north of the equator. 

Am. 32°.7. 

(11) Two points are taken at random in a triangle ; find the 
mean area of the triangulär portion which the line joining them 
cuts off from the whole triangle. Ans. % of the whole. 

(12) Find the mean distance of points within a sphere from a 
given point of \\v.) siirfaco. Ans. %a. 



156 INTEGRAL CALCULUS. [Art. 151. 

(13) Find the mean distance of two points taken at random 
within a sphere. Ans, g| a. 

(14) Two points are taken at random in a given line a ; find 
the Chance that their distance shall exceed a given value c. 

Ans, 1 ~ 1 . 
\ a J 

(15) Find the chance that the distance of two points within a 
Square shall not exceed a side of the Square. Ans. tt — *^. 

(16) A line crosses a circle at random ; find the chances that 
a point, taken at random within the circle, shall be distant from 
the line by less than the radius of the circle. ^ i _ ^ 

(17) A random straight line crosses a circle ; find the chance 
that two points, taken at random in the circle, shall lie on oj^po- 
site sides of the line. a 128 

45 TT** 

(18) A random straight line is drawn across a Square; find 

the chance that it interaects two opposite sides. log 2 

Alis, * 

2 TT 

(19) Two arrows are sticking in a circular target; find the 
Chance that their distance apart is greater than the radius. 

A71S, . 

(20) From a point in the circumference of a circular field a 
projectile is thrown at random with a given velocity which is 
such that the diameter of the field is equal to the greatest ränge 
of the projectile ; find the chance of its falling within the field. 

Ans. J-?(V2-1). 

TT 

(21) On a table a series of equidistant parallel lines is drawn, 
and a cube is thrown at random on the table. Supposing that 
the diagonal of the cube is less than the distance between con- 
secutive straight lines, find the chance that the cube will rest 

without covering any part of the lines. 

4a 
Aris, 1 , where a is the edge of the cube and c the dis- 

tance between consecutive lines. 
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(22) A plane area is ruled with equidistant parallel straight 
lines, the distance between consecutive lines belng c. A closed 
curve, having no singular points, whose greatest diameter is less 
than c, is thrown down on the area. Find the Chance that the 
curve falls on one of the lines. 

Ans. — , where l is the perimeter of the curve. 

(23) During a heav}' rain-storm, a circular pond is formed in 
a circular field. If a man undertakes to cross the field in the 
dark, what is the chance that he will walk into the pond? 
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CHAPTER XV. 

KEY TO THE SOLUTION OF DIFFERENTIAL EQUATIONS. 

152. In this chapter an anal3'tical ke}' leads to a set of con- 
cise, practica! rules, embodying most of the ordinär}' methods 
employed in solving difFerential equations ; and the attempt has 
been made to render these rules so explicit that they may be 
understood and applied by any one who has mastered the Inte- 
gral Calculus proper. 

The key is based upon " Boole's DifFerential Equations" 
(London : Macmillan & Co.), to which the Student who wishes 
to become familiär with the theoretical considerations upon 
which the working rules are based is referred. 

153. A differential equation is an expressed relation involv- 
ing derivatives with or without the primitive variables frora 
which they are derived. 

For example : 

(l + a;)y + (l-y)a;g = 0, (1) 

x^-ay=.x+l, (2) 

D^z-^a^D.H^O, (4) 

are differential equations. 

The Order of a differential equation is the same as that of the 
derivative of highest order which appears in the equation. 

Equations (1) and (2) are of the first order; (3) and (A) of 
the second order. 

The degree of a differential equation is the same as the power 
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to which the derivative of highest order in the equation is raised, 
that derivative being supposed to enter into the equation in a 
rational form. 

Equations (1), (2), (3), and (4) are all of the first degree. 

A differential equation is linear when it would be of the first 
degree if the dependent variable and all its derivatives were 
regarded as unknown quantities. 

Equations (2), (3), and (4) are linear, 

The equation not containing differentials or derivatives, and 
expressing the most general relation between the primitive vari- 
ables consistent with the given differential equation, is called 
its general Solution or complete primitive, A general Solution 
will alwa3's eontain arbitrary constants or arbitrarj' func- 
tions. 

A Singular Solution of a differential equation is a relation be- 
tween the primitive variables which satisfies the differential 
equation b}" means of the values which it gives to the deriva- 
tives, but which cannot be obtained from the complete primitive 
by giving particular values to the arbitrary constants. 

154. We shall illustrate the use of the key by solving equa- 
tions (1), (2), (3), and (4) of Art. 157 by its aid. 

(1) {\^x)yAr{\^y)x^^O, or {\-\-x)yäx+{\^y)xdy=:(). 



Beginning at the beginning of the key, we see that we have a 
Single equation, and hence look under I., p. 163; it involvea 
ordinär}' derivatives: we are then directed to II., p. 163; it 
contains two variables : we go to III., p. 163; it is of the first 
Order, IV., p. 163, and of the first degi-ee, V., p. 163. 

It is reducible to the form 

1-f ic, , 1 — y , ^ 

— — dx-\ ^dy = 0, 

X y 

which comes under Xdx + Tdy = 0. 
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Hence we turn to (1), p. 166, and there find the specific diree- 
tions for its Solution. Integrating each term separately, we get 

logaj-faJ-f log2^ — y = c, or log(a^) + x — 3/ = c, 

the required primitive equation. 

(2) x^-ay = x+l. 

Beginning again at the beginning of the key, we are directed 
through I., II., III., IV., to V., p. 163. Looking under V., 
we see that it will come under either the third or the fourth 
head. Let us try the fourth; we are referred to (4), p. 167. 
for specific directions. 

Obeying instructions, the work is as follows : 

x£-ay = 0, 

xdy — aydx = 0, 
dy adx ^ 

y X 

logy — alogx ^ c, 

y=Cx; (1) 

dx dx 



Substitute in the given equation 



dx 

a.-+i^_(a.-|-l) = 0, 
dx 

(7 + k :+— = (?. 



Chap. XV.] DIFFERENTIAL EQUATIONS. KEY. 161 

Substitute this value for (7 in (1), and we get 

\a a — 1/ 
the required primitive. 

Beginning at the beginning of the key, we are directed 
through I., II., VII., to (20), p. 171, for our specific instruc- 
tions. 

Obeying these, our work is as follows : 

y = Ce"*', 
dy = mCe'^dx, 
dry^m^Ce^ds?. 

Substitute in the equation, and 

or m^ -h 2 m = ; 

m = or — 2. 

is the Solution required. 

(4) D^z - a^DyH = 0. 

Beginning at the beginning of the key, we are directed 
through I. and IX. to (43), p. 179, for our specific instruc- 
tions. 

Obeying these, our work is as follows : 

df - a-dxr = 0, 

dy —adx =0, (1) 

dy -i-adx =0, (2) 

dpdy — aHqdx = 0. (3) 

Combining (1) and (3), we get 

dpdy — adqdy = 0, 
or dp — adq = 0. (4) . 
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(1 ) gives y — ax = a. 
(4) gives p — aq = ß, 

(2) and (3) give us, in the same way, 

y + ax = tti, 

and our two first intesrrals are 



p-aq=zf,{y^ax), (5) 

p + aq=My-{-ax), (6) 

/i and /2 denoting arbitrary fnnctions. 
Determining p and g, from (5) and (6), 

P = i [/2(2/+«aj)+/i(y-«a;)], 

2a 
Hence, z = F(y •+- aa?) + ^i (2/ — «^) ? 

where 2^ and F^ denote arbitrary functions obtained by integrat- 
ing /i and /2, which are arbitrary. 
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Page 

Single equation I. 163 

System of simultaneous equations .... VIII. 166 

I. Involving ordinary derivatives II. 163 

Involving partial derivatives IX. 166 

II. Containing two variables III. 163 

Containing three variables and of first degree. 

General form, Pdx + Qdy + Rdz = . . . (34) 1 75 
Containing more than three variables and of 

the first degree. General form, Pdx^ ■\- Qdx^ .» 

■i-Rdx^-i- =0 (35)176 

III. Of first Order IV. 163 

Not of first Order VII. 165 

IV. Of first degree. General form, ilfda;+JV(i2/=0, V. 163 
Not of first degree VI. 164 

V. Of first degree. General form, Mdx-^Ndy 
= 0. 
Of or reducible to the form Xdx -h Ydy = 0, 
where X is a function of x alone, and Y is 

a function of y alone * (1) 166 

M and N homogeneous funetions of x and y of 

the same degree (2) 166 

Of the form {ax-\-hy-\-c)dx-\-{a'x-\-h'y'{-c^)dy 

= (3) 167 

dv 
Linear. General form -^-{-X^y— Xg, where Xi 

(XX 

and X2 are funetions of x alone* . . . . (4) 167 

* Of course, X, X^, X2,and Fmay be constants. 

1G3 
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dv ^*^ 

Of the form -f- -^-Xitf^X^, where X^ and Xj 

are functions of x alone* (5) 167 

Mdx+Ndy an exact differential. Test, D^M 

= D,N (6) 167 

Jlia? + iVy = • (7)168 

Mx^Ny^O. . (8)168 

Of the form Fi(xy)ydx + F,i{xy)xdy = . . (9) 168 

D^M-D^N ^ ^ function of x alone .... (10) 168 

—2 — — — « — , a function of y alone .... (11) 168 
M 

D jfM'-D.N ^ ^^^^.^Jq^ of (xy) (12) 168 

a^(D.N-D,M)^nNx^ a function of l; 
Mx -|- Ny X 

n being any number ........ (13) 168 



VI. Not of first degree. 

Can be solved as an algebraic equation in p, 

dv 
where p Stands for -^ (14) 169 

(XX 

Involves only one of the variables and p, 

where p Stands for — (\b^ 169 

dx ^ ' 

Of the form xfip + yf2P ^fzP'» where p Stands 

for ^ (16) 169 

dx 

Homogeneous relativel}^ to x and y . . . . (17) 170 
Of the fonn F{<f>^il/) = 0, where <^ and «/^ are 

functions of x^ ?/, and — , such that <f> = a 

dx 

Kl/ = b will lead, on differehtiation, to the 
same differential equation of the second 

Order (18) 170 

A Singular Solution will answer (19) 170 

* See note, p. 163. 
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VII. Not of first Order. ^•«^ 

Linear, with constant coefficients ; second 

member zero* (20) 171 

Linear, with constant coefficients ; second 

member not zero* (21) 171 

Of the form (a+bx)''^ ^Äia-^-bxY''^^, 

+ -\'Li/ = X^ where X is a function 

ofa?alonet . (22)172 

Either of the primitive variables wanting . (23) 172 

Of the form -r4 = X, X being a function of 

icalonef (24) 172 

Of the form — ^ =Y^ Y being a function of 

y alonef (25) 172 

Of the form 0^=/g^i( (26)172 



Of the form -i^=/V4 (27)173 



daf^ dx 
Homogeneous on the supposition that x and 

y are of the degree 1, -i^ of the degree 0, 

dx 

^, of the degree -1, (28) 173 

dxr 

Homogeneous on the supposition that x is of 
the degree 1, y of the degree n, — of the 

J9 UX 

degree n -1, ^ of the degree n ~ 2, , (29) 173 

Homogeneous relativeh^ to y, — , -4, . (30) 173 

dx dxr 

Containing the first power onl}' of the deriva- 
tive of the highest order (31) 173 

Of the form ^2+x2 + ^1"^?= 0, where 

X is a function of x alone and Y a func- 
tion of y alone t (32) 17d- 

Singular integral will ans wer (33) 174 

• The first member Is supposcd to contain only those terms Involving the depon« 
dent variable or its derivatives, 
t See note, p. Iü3. 
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VIII. Simultaneous eqiiations of the first order . 
Not of the fii'st Order 



Page 

(36) 176 

(37) 177 



IX. All the partial derivatives takeii with respect 
to one of the independent variables . . 

Of the first order aiid Linear 

Of the first order and not Linear .... 

Of the second order and containing the deriv- 
atives of the second order only in the first 
degree. General form RD^z + SD^DyZ + 
TDy^z = F, where R, S, T, and V may be 
funetions of cc, y, 2, D^z^ and DyZ . 

X. Containing: three variables .... 



Containing more than three variables . 



XI. Containing three variables 



Containing: more than three variables 



(38) 177 

X. 166 

XL 166 



(43) 179 

(39) 178 

(40) 178 

(41) 178 

(42) 179 



(1) Of or reducibb to the form Xdx -|- Ydy = 0, where X is 
a function of x alone and F is a fanction of y alone. 

Integrate each term separatelj-, and write the sum of 
their Integrals equal to an arbitrary constant. 

(2) M and N homogeneons funetions of x and y of the same 
degree. 

Intrqduce in place of y the new variable v defined b}^ 
the equation y = vx^ and the equation thus obtained can 
be solved b}" (1). 



Or, multiplj' the equation through bj'' 



1 



-, and its 



Mx -\- Ny 
first member will become an exact differential, and the 

Solution may be obtained by (6) . 
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(3) Of the form (ax -|- 5?/ + c)da; + {a'x + b^y + c')dy = 0. 

If ab'—a'b = 0^ the equation maj' be throwQ into the 

a' 
form {ax'\-by -\-c)dx -\- — (ax -\-by '\-c)cly=:0. If now 

et 

2; = «ic -f- &2/ b^ introdiicecl in place of either x or ?/, the re- 

sulting equation can be solved bj' (1). 

If ab'— a'b does not equal zero, the equation can be 

made homogeneous bj assuming a; = o;'— a, y = y'—ß, and 

determining a and /? so that the constant terms in the new 

vahies of M and N shall disappear, and it can then be 

solved by (2). 

c7?/ 

(4) Linear. General form -y- + Xiy = Xg, where Xi and X2 

are functions of a; alone. 

Solve on the supposition that X2 = b}' (1) ; and from 
this Solution obtain a value for y involving of course an 
arbitrary constant (7. Substitute this value of y in the 
given equation, regarding (7 as a variable, and there will 
result a differential equation, involving C and a;, whose So- 
lution by (1) will express (7 ns a function of x, Substitute 
this value for C in the expression already obtained for y, 
and the result will be the required Solution. 

dif 

(5) Of the form -j- + Xiy = Xg^", where Xj and Xo are funo 

tions of X alonc. 

Divide through by y"? and then introduce z — y^'"" in 
place of y^ and the equation will become linear and ma}' b.j 
solved by (4). 

(6) Mdx + Ndy an exact differential. Test DyM= D^N, 
Find I Mdx^ regarding y as constant, and add an arbi- 
trary function of y, Determine this function of y hy the 
fact that the differential of the result just mentioned, taken 
on the supposition that x is constant, must equal Ndy. 

Write equal to' an arbitrary constant the | Mdx above men- 
tioned plus the function of y just determined. 
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(7) Mx-\-Ny=0, 

Multipl}' the equation through by , and the 

Mx — Ny 

first member will become an exact differential. The Solu- 
tion ma}' then be found by (6) . 

(8) Mx-Ny = 0. 

Multipl}' the equation through by , and the 

Mx-\' Ny 

first member will become an exact differential. The Solu- 
tion may then be found by (6) . 

(9) Of the form fi{xy)ydx '\'f2(xy)xdy = 0. 

Multiply through b}- , and the first member 

Mx — Ny 

will become an exact differential. The Solution may then 
be found by (6) . 

(10) -* — ——2 — , a function of x alone. 

Multiply the equation through hy e-^ n , and 

the first member will become an exact differential. The 
Solution may then be found by (6). 



(11) —2 ^ — , a function of y alone. 

M 



J 



D^N-DyM 



dy 



Multiply the equation through hy e-^ m ^, and 

the first member will become an exact differential. The 
Solution may then be found b}' (6). 

(12) D^^-D.N ^ ^ function of {xy) . 

Ny-Mx rPyM-D^ ^^ 

Multipl}' the equation through hy e^ Ny-Mx ^'where 
v = xy, and the first member will become an exact differ- 
ential. The Solution may thus be found by (6) . 

,j3^ a^{D,N-D,M) + nNx ^ ^ ^^^^.^^ ^^ y_. ^ ^^ 

Mx+Ny X 

number. * 
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Mnltipl}' the eqiiation through by tS^qS^-^"^ where v = -» 
and /y = *— ^ — ^-— r — * — > ^^^ ^^ fi^st member will 

become an exact differential. The Solution may then be 
foiind b^' (6). 

(14) Can be solved as an algebraic equation in p^ where jp 

Stands for -^. 
dx 

Solve as an algebraic equation in />, and, after trans- 
posing all the terms to the first member, express the first 
member as the product of factors of the first order and 
degree. Write each of these factors separatel}' equal to 
zero, and find its Solution in the form F— c = by (V.). 
Write the product of the first members of these Solutions 
equal to zero, using the same arbitrary constant in each. 

(15) Involves onl}' one of the variables and p, where p Stands 
for -^. 

B}' algebraic Solution express the variable as an expli- 
cit function of p, and then differentiate through relatively 

to the other variable, regarding p as a new variable and 

dx 1 
remembering that — = -. There will result a differen- 

dy j) 
tial equation of the first order and degi^ee between the sec- 

ond variable and p which can be solved b}' (1). Elimi- 

nate p between this Solution and the given equation, and 

the resulting equation will be the required Solution. 

(16) Of the form xfi2)'\-yf2P =fsP', where p Stands for — . 

cix 

Differentiate the equation relativel}' to one of the vari- 
ables, regarding p as a new variable, and, with the aid of 
the given equation, eliminate the other original variable. 
There will result a linear differential equation of the first 
Order between p and the remaining variable, which ma}'' be 

simplified b}' striking out any factor not containing -J- or 
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-?, and can be solved by (4) . Eliminate » between this 
clij 

Solution and the given equation, and the result will be the 
required Solution. 

(17) Homogeneous relatively to x and y. 

Let y = vx^ and solve algebraically relativelj' to p or v^ 

p Standing for -^. The result will be of the form p —fv 

du cKvx^ dl) 

or v = Fp. Up=fv,^=fv,^=/v,x^ + v=fv, 

y 
an equation that can be solved b}' (1) . If v = Fp, - = Fp, 

y = xFj), an equation that can be solved by (16). 

(18) Of the form F{^^\j/) = 0, where <^ and \f/ are functions of 

Ä, y and — , such that <^ = a and </r = 6 will lead, on differ- 
dx 

entiation, to the same differential equations of the second 

Order. , 

dy 

Eliminate ^ between <^ = a and i/^ = 6, where a and b 

are arbitrary constants subject to the relation that 
F(a,b) = 0, and the result will be the required Solution. 

(19) Singular Solution will answer. 

Let -^ = p and express j) as an explicit function of x 
dx , 

and y, Take — , regardnig x as constant, and see 

dy 

whethcr it can be made infinite b}' writing equal to zero 
any expression involving y, If so, and if the equation 
thus formed will satisfy the given differential equation, it 
is a Singular Solution. 

Or take ^^ ^, regarding y as constant, and see whether 
dx 

it can be made infinite bj' writing equal to zero an}' ex- 
pression involving x. If so, and if the equation thus 
formed is consistent with the given equation, it is a Singu- 
lar Solution. 
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(20) Linear, Tvith constant coefficients. Second member 
zero. 

Assiime y = Ce"" ; C and m being constants, Substitute 
in the given equation, and then divide through by Ce*"*. 
There will result an algebraic equation in m. Solve tliis 
equation, and the complete value of y will consist of a 
series of terms characterized as follows : For every dis- 
tinct real value of m there will be a term Ce"" ; for eaeh 
pair of imaginary values, a-j-öV — l, a — öV— 1, a term 
Ae"" cos hx -\- Be"" sin hx ; each of the coefficients A^ B^ and 
C being an arbitrary constant, if the root or pair of roots 
occurs but once, and an algebraic polynomial in x of the 
(?• — l)st degree with arbitrary constant coefficients, if the 
root or pair of roots occurs r times. 



(21) Lniear, with constant coefficients. Second member not 
zero. 

Solve, on the h\'pothesis that the second member is 
zero, and obtain the complete value of y bj' (20). De- 
noting the order of the given equation b\' w, form the n — 1 

successi ve derivatives — , — ^ - — ^ . Then differentiate 

dx dxr dx"-^ 

y and each of the values just obtained, regarding the arbi- 
trarv constants as new variables, and Substitute the result- 
ing values in the given equation ; and bj' its aid, and the 
?i — 1 equations of condition formed by writing each of the 
derivatives of the second set, except the ?ith, equal to the 
derivative of the same order in the first set, determine the 
arbiträr}' coeffijients and Substitute their values in the ori- 
ginal expression for y, 

Or, if the second member of the given equation can be 
got rid of by differentiation, or b}' differentiation and 
elimination, between the given and the derived equations, 
solve the new differential equation thus obtained by (20) , 
and determine the superfluous arbitrary constants so that 
the given equation shall be satisfied. 
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(22) Of tho form (a + bx^pl + A(a -|- bxy-'^^^{ + + 

Ly= X, wlicre X isa function of x alonc. 

Assiime a-i-bx^ e', and changc the indopendent vari- 
able in the givcn cquation so as to introdnce t in place of 
X, Thö Solution can tlien bc obtained by (-1). 

(23) Either of the primitive variables wantin[^. 

Assumo z cqual to the derivative of lovvcst ordcr in the 
cquation, and express the cquation in tjrms of z and its 
derivatives with respcet to the primitive variable actuall}'* 
prescnt, and the order of the reculting cquation will be 
lower than that of the givcn onc. 

(24) Of the fonn -~ = X. X bcing a f:inc.tion of x alone. 

Solve b}' intcgr:iting n timcs succcssivcly with rcgard 
to X. 

Or solve by (21). 

(25) Of the form --^^ = l". Y bcing a function of y alonc. 

Multipl}' b}' 2- •- and integrato rclativcly to x, There 

will result the cquation f -^ j = 2 j Yc^y -f C, whence 

clv r ^ "^ 

-^ = (2 I Ydj -\- C)^, an cquation th:it nuiy bc solvcd b}* 

0)- 

(2G) Of tlie fbrm -^ =/—(• 

tV'-hi ^, dz ^ , dz rdz . ^ 

Assume .,—-•, = z, then -- =fi or dx = --, a; = I -- -|-C. 
dx"~^ dx *^ J.i J Jz 

After effecting this Integration, cxprcss z in terms of x 
and (7. Then, since z = - — -{^ ^- — •{ = F(x,G), an cqua- 

tion that mav be treated by(24). 

Or, smce -^-— ^, = z, -r— ^, = I 2JC?a? + c = 1 -7- + c, smce 
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+ Ci, Continuc tliis process iintil y is expressed in 

tciins of z and n ~1, arbiti*aiy constants, aud then elimi- 

Cdz 
nato z by thc aid of thc cquation ic = I — -|- C. 

%/ fz 
(27) Of the foi-m ^ =/^^{- 



Let ^^ , = 2:, and tho equation beeomes — ^ = f^;, and 

dx""' ilxr 

ma}' bc solved b}' (25). 
(28) Ilomogcneous on the supposition that x and y are of the 



dcgi^ce 1, -1/ of thc degree 0, ~JL of the degree — 1, 
dx d»}r 



Jl of thc degree 0, -Ji 

dx "" ' dx" 

Assnmc a; = c^, ?/ = e^2f, and by changing the variables 
introduc3 and z into the equation in the place of x and y, 
Divide through hy e^ and there will result an equation in- 

volvinrj only 2, -^, -— , , whose ordcr ma}' be depressed 

by (23). 

(29) Ilomogeneous on the supposition that x is of the degree 

du dr ti 

1, ?/ of the dogree «, -i of the degree n — 1, —4 of the de- 

dx dxr 

grce n — 2, 

Assumo x = c^^ yz=e''^z, and b}' changing the variables 

introducc and z into thc equation in the place of x and y. 

Tho rcsulting cquation may be freed from by division 

and trcated by (23). 

(30) Ilomogeneous rclativeh' to y, — , — ?, 

dx dx- 

Assumo y = e', and. Substitute in the given equation. 
Divide through bj* c' and trcat b}' (23). 

(31) Containing thc first power only of the derivative of the 
highest Order. 

The first mcmbcr of thc cquation ma}' be an exact de- 
rivative ; call it -^— . If n is the ordcr of the cquation, 

d:: 
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represent — ^ bj'j) and — ^ by -±-. Multiply the terra 

containing — b}' dx and integrale it as if ^ were the only 

variable, calling the result Ui ; then replacing p b\' ^, 

(lU^ ^^ 

find the complete derivative "IZi ^.nd foiin the expression 

^^ representing It by - — -^ If - — ^ contains the first 

dx dx dx dx 

power only of the highest derivative of ^, it ma^' itself be an 

exaet derivative, and is to be treated precisel}' as the fii*st 

dV 
mcmber of the given equation — has becn. Continue this 

dx 

dV 
process until a reinainder — ^^^ of the first order occurs. 

dx 
AVrite this eqnal to zero, and solve by (6), throwing its 

Solution into the form V^^i = C. A complete first integral 

of the given equation will be U\ + U^2 -h + Vn-\ = C'. 

The occurrencc at auy step of the process of a remainder 

— -*, containing a higher power than the first of its highest 
dx 

derivative of y, shows that the first membcr of the given 
equation was not an exact derivative, and that this method 
will not apply. 

(32) Of the form || + X^. + r[^|||J' = 0, where X is a 
function of a; alone and l'a funetion of y alone, Multiply 



through by 



du' 



-1 



and the equation will become exact, and 



dx 
may be solved b^' (31). 

(33) Singular integral will answer. 

Call ^^' i>, and ^ q, and find ^^, regarding p and q 

as the only variables, and see whether — i can be made 

-^ dp 

infinite by writing equal to zero any factor containing p. 
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If SO, eliminate q between this eqnation and the given 
equatioQ, and if the result is a Solution it will be a singular 
integral. 

(34) General form, Pdx -f Qdy + Rdz = 0. 

If the equation can be reduced to the form Xdx -f Ydy 
+ Zdz = 0, wliere X is a fiinction of x alone, Y a funetion 
of y alone, and Z a funetion of z alone, integrate eaeh 
term separatel}', and write the sura of the Integrals equal 
to an arbitrary eonstant. 

If not, integrate the equation b}- (V.) on the supposition 
that one of the variables is eonstant and its differential 
zero, writing an arbitrary funetion of that variable in place 
of the arbitrary eonstant in the result. Transpose all the 
terms to the first member, and then take its complete 
differential, regarding all the original variables as variable, 
and write it equal to the first member of the given equa- 
tion, and from this equation of condition determine the 
arbitrary funetion. Substitute for the arbitrary funetion 
in the first integral its value thus determined, and the 
result will be the Solution required. 

If the equation of condition contains an}' other varia- 
bles than the one involved in the arbiträr}' funetion, they 
must be eliminated by the aid of the primitive equation 
already obtained ; and if this elimination cannot be per- 
formed, the given equation is not derivable from a Single 
primitive equation, but must have come from two simul- 
taneous primitive equations. 

In that case, assume any arbitrary equation /(a;,y , 2) =0 
as one primitive, differentiate it, and eliminate between it 
its derived equation and the given equation, one variable, 
and its differential. There will result a differential equa- 
tion containing only two variables, which may be solved 
b}' (III.) > Ä"<^1 will lead to the second primitive of the 
given equation. 
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(35) General form, Pdx^ -|- Qdx2 + Rdx^ + = 0. 

If the eqiiation eau be rediiced to the fonii XidXi-^-X^^^ 

4- Xgda^g -|- = 0, where Xj is a fiuiction of Xi alone, X^ 

a fuuclion o£ x.> aloiie, Xg a tiuietion of ajg alone, etc., inte- 
grate each term separate!}', and write the sum of their 
Integrals eqiial to an arbiträr^- constant. 

If not, integrate the equation by (V.), on the snpposi- 
tion that all the variables bat two are constant and their 
ditferentials zero, writing an arbitrarj' function of these 
variables in place of the arbitrary constant in the result. 
Transpose all the terms to the first member, and tlien 
take its complete difFerential, regarding all of the original 
variables as variable, and write it equal to the first mem- 
ber of the given equation, and from Ulis equation of con- 
dition determine the arbiträr^- function. Substitute for 
the arbitrary function in the first integral its value thus 
determined, and the result will be the Solution required. 

If the equation of condition cannot, even with the aid 
of the primitive equation first obtained, be thrown into a 
fonn where the complete diiferential of the arbiträr}' func- 
tion IS given equal to an exact differential, the function 
cannot be determined, and the given equation is not deriv- 
able from a Single primitive equation. 

(36) S^'stem of simultaneous equations of the first order. 

If any of the equations of the set can bo integrated 
separately b}' (II.) so as to lead to single primitives, the 
problem can be simplified ; for by the aid of these primi- 
tives a number of variables equal to the number of solved 
equations can be eliminated from the remaining equations 
of the series, and there will be formed a simpler set of 
simultaneous equations whose primitives, together with the 
pnmitives alreadj' found, will form the primitive S3'stem 
of the given equations. 

There must be n equations connecting n -f- 1 variables, 
in Order that the S3'stem may be determinate. 

Let a:, arj, X2, , »„ be the original variables. Choose 
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any two, x and Xj, as the indepcndent and tlie principal de- 
pendent varia])le, and bj- successive eliminations form the 

n equations ~=Mx,Xi,X2y yX,,),^^fJ^x,Xi,X2, ,«„), 

dx dx 

, up to — ^=/i(a?,a:i,a;2, »a?,»)* Differentiate the first 

uX 

of these with respect to x n — l times, substituting for 

— ?, — ^, , — -% after each step their values in terms of 

dx dx dx 

the original variables. There will resiilt n equations, 

which will express each of the n successive derivatives 

dxi drxi d^Xi d^'Xi . . « 

-:j-' -W' -:j:J^ ' -r-^^ ^" ^^'^^ ^^ ^' ^'i' ^s' ' ^«• 

dx dar dar dst^' 

Eliminate from these all the variables exccpt x and »i, 
obtaining a single equation of the 7ith order betweeri x 
and ajj. Solve this by (VII.), and so get a value of a;, in 
terms of x and n arbitrarj' constants. Find b}- differen- 

tiating this result values for — ?, — -^ , }, and write 

"" dx d^ ' dx''-' 

them equal to the ones alread}' obtained for them in temis 
of the original variables. The 7i — 1 equations thus formed, 
together with the equation expressing Xi in terms of x and 
arbiträr}' constants, are the complete primitive sj'stem 
required. 

(37) Sj'stem of simultaneous equations not of the first order. 
Regard each derivative of each dependent variable, 

from the first to the next to the highest as a new variable, 
and the given equations, together with the equations de- 
fining these new variables, will form a system of simulta- 
neous equations of the first order which may be solved bj- 
(36). Eliminate the new variables representing the 
various derivatives from the equations of the Solution, and 
the equations obtained will be the complete primitive S3*s- 
tem required. 

(38) All the partial derivatives taken with respect to one of 
the independent variables. 
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Intcgi'ate b}* (II.) as if that onc were the onl}' indepen- 
deiit variable, repladng eaeh arbitrary constant b}' an 
arbitraiy fuuctioii of the other indepeudent variables. 

(39) Of the first order and Unear, eontaining three vai'iables. 
General form, PD^z H- QD^z = R. 

Form the auxiliary sj'stem of ordinär}' differential equa- 

tions ^]£^^^1z^ and integrate by (3G). Express tlieir 

pnniitives in the form it = a, v = b, a and b being arbi- 
trary constants ; and n =/v, where / is an arbitrarj^ func- 
tion, will be the required Solution. 

(40) Of the first order ?^.nd linear, eontaining more than tliree 

variables. General form, Fi Dx^z -h PiDx^z -h = R^ 

where jC|, Xg, , a?„. are the iudependent and z the depen- 

dent variables. 

Form the auxiliary 33'stem of ordinary ditferential equa- 

tions — i =: — ' = — i* ^ — \ and mtegrate them b3' (36). 

Pl P2 Pn i^ 

Express their primitives in tlie form ^i = a, 1^2 = ^1 i's = c, 

, and yi-=/(y2?'^3» "»v«)» where/ Is au ai'bitrary fune- 

tion, will be the required Solution. 

(41) Of the first order and not linear, eontaining three varia- 
bles, F(x^y^zq),q) = 0, where p = Z>,^, q = D^z. 

Express q in terms of £. y^z and p frora the given equa- 

tion, and Substitute its value thus obtanieil in the auxil- 

clv 
iar}' S3'stem of ordinary differential equations — j — = dy 

= — — ^ . Deduce by Integration from 

q-pDj,q D^q+pD,q 

these equations, by (36), a value of p involving an arbi- 

trar3* constant, and Substitute it with the corresponding 

value of q in the equation dz = pdx -|- qdy, Integrate 

this result by (34), if possible ; and if a single primitive 

equation ba obtained, it will be a complete prünitive of tlie 

given equation. 
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A Singular Goliition may bc ohtained by finding the 
partial derivatives DpZ and D^z from the given equation, 
writing tliera separately cqiial to zero, and elimiuating p 
and q between them and the given equation. 

(42) Of the first order and not linear, containing more than 

three variables. F{Xi^X2, , .r„, z^^^iflhi J^») = 0, where 

Pi=:Dx^z, P2=^Dx^z, 

Form the linear partial differential equation 2»[(Z>a:<F 
+ piD,F)Dp^^ - Dp^F(Dx^^ +piZ>,<^)] = 0, where 4> is 

an unknown funetion of (a^i, t^ntPi^ fPt^t ^"^^ where 

2| means the sum of all the terms of the given form that 
can be obtaiued by giving i suecessivel}' the values 1,2, 
3, , n. 

Form, b}' (40), its auxiliary S3'stem of ordinary differen- 
tial equations, and from them get, b^' (3G), n — l Inte- 
grals, ^i = «1, 4>2 = ag, ,^n-i = <^«-i* ßy tliese equations 

and the given equation express pi^ p2^ , />„ in terms of 

the original variables, and Substitute their values in tlie 

equation dz = x>i dx^ -\- p^ do^ H- -^Pn ^w Integrate this 

hy (35), and the result will be the required complete primi- 
tive. 

(43) Of the second order and containing the derivatives of 
the second order only in the fii*st degree. General form, 
ED/z + SD,D,z + TD;z = F, where R, S, T, and Fmay 
be fnnctions of a?, ?/, 2:, D^z^ and DyZ, 

Call D^z j} and D^z q, 
Forai first the equation 

Rdir - Sdxdy -f- Td3? = 0, [ 1 ] 

and resolve it, supposing the first member not a complete 
Square, into two equations of the form 

dy — mi f?a; = 0, dy — m2dx = 0. [2] 

From the first of thcse, and from the equation 

Rdpdy -f Tdqdx — Vdxdy = 0, [3J 
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couibinod if nccdful witli the equation 

dz = 2^dx -f- qdy^ 

seck to obtain two Integrals Wj = a, Vx == ß, Proceed- 
ing in tlie sanie way with the second equation of [2], 
seek two othcr Integrals U2 = a^, Vo = ßi; then the first In- 
tegrals of the proposed equation will be 

Wl=/lVl, W2=/2y2, [4] 

where/i and/2 denote arbitrary functions. 

To deduce the final integral, we must cither integrate 
one of these, or, determining from the two j) and q m tenns 
of », y, and 2, Substitute those values in the equation 

dz = 2^dx -f qdy^ 

which will then becorae mtegrable. Its Solution will give 
the final integral sought. 

If the values of wii and WI2 ^^^ equal, only one first in- 
tegral will be obtained, and the final Solution must be 
souglit by its Integration. 

When it is not possible so to combine the auxiliarv 
equations as to obtain two auxiliar}' Integrals w = a, v =ß, 
no first integral of the proposed equation exists, and this 
metliod of Solution falls. 



EXAMPLES. 

(1) sinxcosydx — cos X sin ydy ^0, Ans, cosy = ccosa5, 

(2) [2 -y/ (xy) — ic] dy -j- ydx = 0. Atis, y = ce~ V^. 

(3) (2x-y-^l)dx + {2y-x-^i)dy^0, 

Ans. x^ — xy-\-]/^-\-x^y = c. 

/A\ dy , sin 2a? ^ • ^ . .«„. 

(4 ) -^ -h V coso; = . Ans, y = sin x -—l -\- ce""""*. 

dx ^ 2 
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^^ ^^ ~ ^^^ ~ *^ = "^^ ^"«- y = [c V(l - «*) - a] -'. 

(6) ^+yäy + ^^^=o. Ans. ^ + tan-| = c. 

c 

Singular Solution, y = ('"+ 0' 

(«—1) 

(11) ^ + 1^-0 

dl? xdx~ Ana. y = c\o^x + c'. 

^^'> ^S + '^S+^^a^^-ol+j^^O. Find afirst integral. 

^'''^ ^Z^+P^+^— =0. ^««. (a;-a)(y-&)(«_c)=C. 
(14) (y + «)rfa; + rfy + rf« = 0. ^,^. e.(y + ^) ^ ,. 

Ans. a; = ce-?_|, y = (c<+ c,) ei. 

(16) ^ + ^.«,= 0, 5-m»a. = 0. Ans. 

(17) Z).2 = ^-p-. ^^,. e-i{x + yJrz)=:,l>y. 
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(18) xzD^z + yzDyZ^xy. Ans. 7f = xy + ff>f^. 

(19) D:,z.D,z=l. Am. z = ax-^^-hb, 

(20) x'D,'z-h2xyD,D,z+fD,'z=^0. Ans. z==x<|,(^ + ^|;(^' 
(2l) (D,zyD,^z ''2D,zD,zD,D,z + {D^zfD.^z = 0. 

Ans. y = Xffa -f if/z. 

(22) D^z.D^D^z-- D^z.D^z — 0. Ans. x=<f>y + \fni. 
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INTEGRATION. 



74. We are now able to extend materially our list offormulas 
for direct Integration (Art. 55) , one of which may be obtained 
from each of the derivative formulas in our last ehapter. The 
foUowing set contains the most important of these : — 



D^logx = - 

X 



gives /,- = loga;. 

X 



2>.a* = a*logo 



" /,a'loga = a». 



D^e = e 



" /.e« = 6*. 



Z),8ina; = eosic 



" /;,eosa5= sinaj. 



X)«eosa;= — sina; 



" /;,(— sina;)5=;cosa?. 



D, log sin X = etn x 



" yictn« = logsinx. 



Z),log cos a; = — tan x 



*' X(~~ t8,na?) = logcosa?. 



D,sin""^a; = 



vo-«*) 



" fx — -. r-=8in""^a?. 



Z>,tan~^ic = 



1+»^ 



'' /« 



1-far^ 



= tan~^ar. 



Z>.vers~*a; = 



V(2a;-a^) 



" /x 



V(2a?-aj2) 



= vers~^aj. 



The second, fifth, and seventh in the second group can be 
written in the more convenient forins, 
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/«a' = 



a» 



loga' 
f,sinx= — cosa?; 
f^tsLUX = — log cosa?. 

75. When the expression to be integrated does not come under 
any of the forms in the preeeding Ust, it can oflen be prepared 
for Integration by a suitable change of variable^ the new variable, 
of eourse, being a function of the old. This method is called 
integration by Substitution^ and is based upon a formula easily 

deduced from D^(J^y) = D^Fy . D„y ; 

which gives immediately 

Fy=UD,Fy.Djf). 
Let u=Dj,Fyj 

then Fy=fj,u^ 

and we have f,u =fx(uDxy) ; 

or, interehanging x and y, 

f,u=/,(uD,x). [1] 

For example, required /t(^ + bx)^. 
Let Ä = a -f öa;, 

and then /.(a -f bxy =/,2;" =/,(«» . D^x) , by [1] ; 

but x= -, 

b b 



hence Ma + bxy = \ /.z» = \ ^. 

b n + 1 
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Substituting for z its value, we have 

o n+ 1 

EXAMPLE. 

Find/^-^— . Ans. \\oQ,{a^hx\, 

76. If/c represents a function that can be integrated,/(a+ bx) 
can always be integrated ; for, if 

2; = a -f öa;, 

then D^x = - 

b 

and fj{a -f bx) ^SJz ^fJzD^x = \sjz. 


EXAMPLES. 

Find 

(1) f^sinax. Ans, — Icosa«. 

a 

(2) /.cosa». Ans. Isinoo?. 

a 

(3) ^tanoaj. 

(4) y^ctnoo;. 



77. Requiredf, 



^{a^^^y 



r ?— - = !/• 1 



v['-©] 



Let ^ 



Z=-, 

a 



then a; = aZy 

D^x = a, 
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[Art. 78. 



— Jx 



" i}-m 



='-f. 



=-/. .J ,. I>.^ 



a-"-^(\-:?) o-"V(l-2*) 



=/. 



1 



va-^*) 






X 



= 8in~ ' z = sin""* - . 

a 



EXAMPLES. 



Find 

(1) ./; 



(2) /, 



1 



a^-f a.«^ 



'\J{2ax^ix^) 



1 X 

Ans. -tan~*- 
a a 



Ans. vers 



,— 1 



X 

a 



78. Bequiredf, 



Let 
then 



7? — 2zx + x^ = a^ -\- a^y 



x = 



2^ — a^ 



^{q(^ '\'a^) = z — x = z — 



2z ' 

z^ — o? 7? + a* 



2z 



2z 



Z>,ir = 



zr-\-a 

27? 



2 



L 



1 



/• 2g __ p 2z jy ^ 



^^'j:f^^ ~2^ "^-^'^ =" ^^^^ = ^^^(^ "^ \^Tä"2) . 



EXAMPLE. 



Find/. 



1 



V(^-a') 



-4ns. log(a; + VaJ^ — a*) 
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79. Wlien the expression to he integrated can he factored, the 
required integral can often be obtained by the use of a formula 

deduced from 2>, ( wv ) = tiD^ v -f vZ>, v , 

wliich gives uv =^f^uD^v -^f^vD^u 

or f^uD^v = uv^f^vD,u. [1] 

This raethod is called integrating hy parts, 

(a) For example, required f^Xogx, 

\ogx can be regarded as the product of loga; by 1. 

Call loga; = u and 1 = D^%\ 

then DgU=:-^ 

X 

and we have 

f,\ogx =/, 1 loga? =z/luD^v = UV -/,vD,u 

= a;loga; — /»- = aloga? — x. 

X 

Example. 
Find/,a;loga;. 

Suggestion : Let loga? = u and x= D^v. 

Ans, -a^lloex ). 

80. Required /, sin* a?. 

Let u = sina? and Z>jrV = sina?, 

then D^u=z cos a? , 

v= — cosa?, 
Z^sin^a? = — 8ina?cosa? +/,co8*a? ; 
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but oos^a? = 1 — sin^a?, 

so f^cosfx ^f^l—XcSin^x = x —f^sia^x 

and /isin*a? = x — sina;cosa; —f^&in^x. 

2yisin^aj = x — sin a; cos a;. 
Xsin^a? = J (a; — sin a; cos«). 

EXAMPLES. 

(1) Findy^cos^a?. Ans. -(a; + sina;coHa:). 



(2) /jsinajcosa?. Ans. 



sin^a? 



2 



81. Very often hoth methods described above are required in 
the same Integration. 
(a) Required f, sin~^ x. 
Let ' sin~*a? = y, 

then aj=siny; 

Z)yaj=cosy, 

/.sin-^a; =f^y =fj,yco3y. 

Let u = y and D^v = cosy ; 

then Z>yW = l, 

V = siny, 
and 

yiyco82/=ysin2^— y^8iny=ysin^+cosy=aJsin""'a;+'y/(l"'^)' 

Anj' inverse or anti-function can be integrated by tbis method 
if the direct function is integrable. 

(6) Thus, U-'x=f,y=.f,yDJy^ufy-fJy 

where yz=:f-^x. 



i ; 

I 
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EXAMPLES. 

(1) Findyicos~*aj. Ans. a;cos~^a? — -^(1 — oj*). 

(2) f^taTT^x, Ans, »tan"*» log(l-fa^). 

(3) /,vers~*aj. Ans. (» — 1) ver8""*a? + ^(2a?— »*). 

82. Sometimes an cUgebraic transformation^ either alone or in 
combinxjUion with the preceding methods^ is usefuL 

1 



(a) Requiredft 



7^—G?* 



x" 
and, by Art. 75 (Ex.), 



1 L(A i_\ 

— a* 2 a v^cc — a x + aj 



/,-i— = ^ [log(aj ~ a) - log(aj + a)] = ^ log 



x — a 



i3^'—(j? 2a 2a oj + a 



(6) Äegmreci/. JP-±|\ 



\V1~J VC 



1 + » 1 , 0? 



VCi-«') V(i-^) V(i-a^) 

■ 

/l r- = sin~* X. 

f, — 7 — —— öT can be readily obtained by substitiUing y = (1 — a?), 

and is — VC^""^) » 

hence / //'L±|^ = sin-^x- - V(l - «^) • 

(c) Mequired/g^J(a* — ä^) . 

a^ — »* a^ Ä* 



V(a* - «*) = 



sj^a^'-a?) VC«*-»") V(a'-«*) 
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and /.V(a»-aj2) = ay.-— 1— --/. ^ 



whence /,V(«* - a^) = a^sin-^- -/, -— - — --, by Art. 77 ; 

a ^J^cr — ar) 

but /,V(a^ - a?") = Ä V(a' - a:") +/. "^ 



&y integrcUion hy partSy if we let 

u=^^{a^ — Qi?) and Z>, v = 1. 
Adding our two equations, we have 

2/. V(«' - aj2) = a? V(a* - aj") + a'sin-* - ; 

a 

and .•./xV(«*-«^)=2ricVa2-ar^ + a2sin-*H- 

EXAMPLES. 

Find 
' (1) /.V(«^ + «')- 

(2) /,V(a?-a^). 

^^«. ^ [« V(a5^ - «*) - aMog(a; + -^t? - a«) | . 



83. Tofind the area ofa aegment ofa circle. 
Let the equation of the circle be 

and let the required segment be cut off by the double ordinates 
through {xq^Pq) and (x,y) . Then the required area 
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From the equation of tlie circle, 
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hence -.1 = 2/, V («^ - ar^) -f (7 ; 

and therefore, by Art. 82 (c) , 

A = a; V(a2 - ar^) -f a^ sin-^ ^ -f C. 



As the area is measured from the ordinate yo to the ordinate y, 

^ r= when x = Xq ; 



therefore 



Xn 

= Xo^ia'-x,^) + a^sin-' - + C, 

vif 



Xq 

C= —Xq V(^'^ ~ ^0^) "" a^sin"'— ) 

IX 



and we have 



A = «VC«' -"«") + a'sin-^^ - Xo ^(a'-x,?) - a'sin-^^". 
If 0^= 0, and the segment begins with the axis o/ Y, 



X 



A=^x V(«' — ^) + a^sin"^-' 



If, at the same time, x^^ a^ the segment becomes a semicirde^ and 



a 2 



The area of the whole circle is Tra*. 
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EXAMPLES. 

(1) Show that, in the case of an ellipse, 

the area of a segment beginning with an}' Ordinate yo is 

^ = - x^(a^ — ic^) + a^sin"' x^JUi^— a\f) — a^sin"^- . 

a (_ a (t J 

That if the segment begins with the minor axis, 

a\_ aj 

That the area of the whole ellipse is Tzdb. 

(2) The area of a segment of the hyperbola 



is A = X'^(q^ — a^) — a^ log (x -f- Var' — er) 



— ^0 V(^o^ — «0 + «"log(^o + Va-0^ — ar) . 
If a^ = a, and the segment begins at the vertex, 



A=:x^J{x^^a-)^ a-log(a; + V»^*2 — "2) + «^ log c^» 

84. To find the length of any arc of a circle, the eoördinates 
of its extremities being (xq^i/q) and (a?,?/) . 

By Art. 52, s=/xV[l-f-(^x2/)']. 

From the equation of the eircle, 
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we have 2x + 2yD,y = 0y ^ 

y 

a=/.^=a/;— r^-— = asin-^^ + C. (Art. 77.) 
y V(« — ») « 

When a? = «0» « = ; 

hence = a sin"" ^ - -|- C, 

(7= — asin *-, 

a 

f X a^\ 

and 5 = « sin~^ sin""^— • 

\ a aj 

Ka?o= 0, and the arc is measured from the higJiest point ofthe 

X 

cirde, s = a sin~ ^ - • 



Ifthe arc is a quadrant, a? = a, 



na 



s = asin 1(1) = — , 
and the whole circumference = 27ra. 



85. Tofind the length of an arc ofthe parabola y*= 2mx. 
We have 2yD^y = 2 m ; 

V[i + (^.yr]=^(^^^^ = iV(^' + /); 
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D,x=-^=^, byArt. 73; 

« = — /,Vm»+t/»=-L[yVm»+t/«+mMog(y + Vm»+y')] + C, 

byArt. 82, Ex. 1. 
If the arc is measured from the vertex, 

5 = when y = ; 

0=-L(m21ogm) + O, 
2m 

^ 1 , 
C— mlogm, 

and a = l pV(>»' + ^) +^io. y + V<"^^ + y^) 1. 

2 [_ m ^ o 7^ j 

EXAMPLE. 

Find the length of the arc of the eurve qi?= 27y*ineluded be- 
tween the origin and the point whose abscissa is 15. 

Ans, 19. 
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